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Abstract

In this paper, we prove the codimension-one nonlinear asymptotic stability of the extremal Reissner—
Nordstrém family of black holes in the spherically symmetric Einstein-Maxwell-neutral scalar field model,
up to and including the event horizon.

More precisely, we show that there exists a teleologically defined, codimension-one “submanifold”
Mstan of the moduli space of spherically symmetric characteristic data for the Einstein—-Maxwell-scalar
field system lying close to the extremal Reissner-Nordstrom family, such that any data in g1, evolve
into a solution with the following properties as time goes to infinity: (i) the metric decays to a member
of the extremal Reissner—Nordstrém family uniformly up to the event horizon, (ii) the scalar field decays
to zero pointwise and in an appropriate energy norm, (iii) the first translation-invariant ingoing null
derivative of the scalar field is approximately constant on the event horizon H*, (iv) for “generic” data,
the second translation-invariant ingoing null derivative of the scalar field grows linearly along the event
horizon. Due to the coupling of the scalar field to the geometry via the Einstein equations, suitable
components of the Ricci tensor exhibit non-decay and growth phenomena along the event horizon.

Points (i) and (ii) above reflect the “stability” of the extremal Reissner—-Nordstrom family and points
(iii) and (iv) verify the presence of the celebrated Aretakis instability [Arellb] for the linear wave equation
on extremal Reissner—Nordstrém black holes in the full nonlinear Einstein—-Maxwell-scalar field model.
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1 Introduction

Extremal black holes are special solutions of Einstein’s equations of general relativity which have absolute
zero temperature in the celebrated thermodynamic analogy of black hole mechanics. The simplest examples
of extremal black holes are given by the extremal Reissner—Nordstrom (ERN) metrics

M\ 2 M 2
JERN = — (1 — r) dt* + (1 — 7“) dr? + r2(d¥? + sin® 9 dp?), (1.1)

where M is a positive parameter known as the mass. The metric (1.1) solves the Einstein—Mazwell equations,
R, — 3Rg,, = 2F,oF, — 39 FopF*® and V,F" =0, (1.2)

and is spherically symmetric, asymptotically flat, and static, with time-translation Killing vector field T' = 0;.
The extremal Reissner—Nordstrom metrics (1.1) arise as an exceptional one-parameter subfamily of the
full Reissner—Nordstrém family [Reil6; Norl8] of solutions to the Einstein—Maxwell equations,

oM €2 oM €2\ *
ge=—(1-22 1S a2+ (1224 5} a2 4 r2(do? +sin® 9 de?), (1.3)
’ r r2 r r2

where e is a real parameter representing the charge of the electromagnetic field. The extremal case corre-
sponds to the parameter values |e| = M. For the parameter range |e| < M, the metric g describes a black
hole spacetime. When |e| < M, the solution is called subextremal, and the |e| = M case corresponds to the
extremal Reissner-Nordstrom metric (1.1) above. When e = 0, gar,e reduces to the celebrated Schwarzschild
solution [Sch16] of the Einstein vacuum equations. When |e| > M, the supereztremal case, the metric gas,e
no longer describes a black hole. The role of superextremality will be discussed in Section 1.3 below.

For any of the Reissner—Nordstrom black hole spacetimes, the Killing field satisfies

VTT‘;H = %T|H+, (1.4)

where H* denotes the event horizon, the boundary of the black hole region. The number » = (M, e),
called the surface gravity of H', is given by

M2 — 2
(M + VIZ — )2

and quantifies the celebrated horizon redshift effect: the null generators of H™ have exponentially decaying
energy, with rate determined by s.

The event horizon of subextremal Reissner—Nordstrém has s > 0, while the event horizon of extremal
Reissner-Nordstrom has » = 0, a distinction which has fundamental repercussions for the behavior of per-
turbations of these spacetimes. In the seminal work [DR05], Dafermos and Rodnianski proved the nonlinear
asymptotic stability of the subextremal Reissner—Nordstrom family as solutions of the Einstein—Maxwell
equations coupled to a neutral scalar field in spherical symmetry. The horizon redshift effect is central
to [DRO5] and is a cornerstone of our understanding of linear waves on subextremal Reissner—Nordstrom
black holes without symmetry assumptions [DR09; DR13]. By the work of Dafermos—Holzegel-Rodnianski
[DHR] and Blue [Blu08] (see also [Pas19]) for e = 0 and Giorgi [Gio20a; Gio20b] for |e| < M, subextremal
Reissner—Nordstrém is now known to be linearly stable in Einstein—-Maxwell theory outside of symmetry.

The theory of linear waves on extremal black holes—and by extension, nonlinear perturbations of extremal
black holes—is very different. In a remarkable series of papers [Arella; Arellb; Arel5], Aretakis showed that
ingoing null derivatives of solutions to the linear wave equation on extremal Reissner-Nordstrém—even those
arising from well-localized initial data—generically do not decay on the event horizon, and higher derivatives
may even grow polynomially in time. This horizon instability for the linear wave equation, which has become
known as the Aretakis instability, has also been extended to gravitational perturbations [LMRT13; Ape22| of
extremal Reissner—Nordstrom and to axisymmetric linear waves on extremal Kerr [Arel2; LR12]. Gajic has
recently shown that extremal Kerr is subject to additional stronger instabilities arising from higher azimuthal
modes [Gaj23], which will be discussed further in Section 1.4.2 below.

(M, e) =



These horizon instabilities (along with the specter of superextremality which we will address in Section 1.3
below) present a substantial obstacle to understanding the moduli space of solutions to the Einstein equations
near extremal Reissner—Nordstréom, Kerr, and Kerr-Newman black holes. In a pioneering numerical study
[MRT13], Murata, Reall, and Tanahashi studied spherically symmetric perturbations of extremal Reissner—
Nordstrom in the Einstein—-Maxwell-neutral scalar field model and observed that the Aretakis instability
for the scalar field is still activated on the dynamical background, but that the geometry is not completely
disrupted in the process. These numerical results and rigorous work on nonlinear model problems by the first-
named author, Aretakis, and Gajic [Angl6; AAG18b; AAG20b], have given rise to the hope that extremal
Reissner—Nordstrom could be stable in spite of the Aretakis instability; see [DHRT, Conjecture IV.2] and
the recent essay by Dafermos [Daf24].

1.1 Stability and instability of extremal Reissner—Nordstrom for the spherically
symmetric Einstein—Maxwell-neutral scalar field system

In this paper, we initiate the rigorous study of the (in)stability properties of extremal Reissner—-Nordstrém
black holes as solutions to the full nonlinear Einstein field equations. We work with the spherically sym-
metric Einstein-Maxwell-neutral scalar field model, which is the same model as in Murata—Reall-Tanahashi
[MRT13] (and has been used in other influential works in recent years [Daf03; Daf05c; DR05; LO19a]).
This system consists of a spherically symmetric, charged spacetime (M3T1, g, F') together with a spherically
symmetric massless scalar field ¢ : M — R satisfying the linear wave equation

Ugp =0 (1.5)
on the dynamical background, with total energy-momentum tensor given by
Ty = FuaF*) — 19,0 Fap P + 0,00,6 — $0,,0000%¢.

This is one of the simplest self-gravitating models in which one can entertain dynamical nonlinear perturba-
tions of Reissner—-Nordstrom, as a toy model for the electro-vacuum equations. See already Section 2.1 for
the precise definitions and equations of the model.

We now state rough versions of our main theorems; the detailed statements and associated definitions
will be presented in Section 3 below.

Theorem I (Codimension-one nonlinear stability of ERN, rough version). Let 9 denote the moduli space
of characteristic data for the spherically symmetric Einstein—Mazwell-neutral scalar field system posed on a
bifurcate null hypersurface Cout U Cin, as in Fig. 1 below, which lie close to extremal Reissner—Nordstrom
in an appropriate norm. There exists a “codimension-one submanifold” Myiap, C M such that any data in
Mstan evolve into a spacetime with the following properties:

(1) Future null infinity ZT is complete and the causal past of future null infinity, J—(Z), is bounded by a
regular event horizon HT, which itself bounds a nonempty black hole region BH = M\ J~(Z7).

(i) The metric remains close to the initial extremal Reissner—Nordstrém metric in the domain of outer
communication and appropriately defined energy flures and pointwise C' norms of the scalar field ¢
are bounded in terms of their initial data on Cyye U Ciy.

(iii) The metric decays polynomially in C° (as an appropriate notion of “time” tends to infinity) to a
nearby member of the extremal Reissner—Nordstrom family, relative to a teleologically defined double
null gauge uniformly in the entire domain of outer communication. The renormalized Hawking mass
(see already Section 2.1.1) converges uniformly to the final mass of the black hole. The scalar field
decays polynomially to zero pointwise and in an appropriate energy norm.

(iv) The spacetime does not contain strictly trapped surfaces. Any marginally trapped surfaces lie on H™T.

Some comments about this statement are in order:



Figure 1: A Penrose diagram showing the maximal development of a solution considered in Theorem I. The
Cauchy data ends on the left in the solid point, where it is incomplete (but not singular).

1. Because the extremal Reissner—Nordstrom family is already codimension-one within the full Reissner—
Nordstrém family, any stability statement for it is necessarily a positive codimension statement, with
codimension one being sharp. This aspect of the problem is familiar from the proof of nonlinear stability
of Schwarzschild outside of symmetry by Dafermos, Holzegel, Rodnianski, and Taylor [DHRT]. For
conjectures regarding the regularity of i .p and what happens “on either side” of it, see already
Section 1.3.

2. The theorem states that the metric decays in CY (and some Christoffel symbols) to that of extremal
Reissner-Nordstrém and that the scalar field decays in C° to zero. We will show in Theorem II below
that the metric does not necessarily decay to extremal Reissner-Nordstrém in C? (and may grow in
C3) and that the scalar field does not necessarily decay in C! (and may grow in C?).

3. The norms and decay rates for the scalar field ¢ are consistent with the norms and decay rates for
spherically symmetric solutions of the linear wave equation on extremal Reissner—Nordstrom. We do
not need to commute in order to close our bootstrap assumptions and hence do not prove sharp decay
rates for ¢ everywhere. See already Sections 1.2 and 1.4.1.

4. Since we show that there are no trapped surfaces behind the event horizon, we in fact prove that the
maximal development of data in 9.y is the full double null rectangle depicted in Fig. 1. For the
behavior of the scalar field and geometry in the black hole interior, see already Section 1.3.2.

Our second main theorem shows that the Aretakis instability of the event horizon, i.e., non-decay of the
first transverse derivative and linear growth of the second transverse derivative, persists in the Einstein—
Maxwell-scalar field model. Moreover, in this coupled model, the instability affects the geometry as well.

Before stating the theorem, we recall briefly some features of the geometry of extremal Reissner—
Nordstrom black holes. Let Y denote the coordinate vector field 9, in ingoing Eddington—Finkelstein coordi-
nates (v, 7,9, p). This null vector field is translation-invariant and transverse to the event horizon. Moreover,
it is canonical in the sense that for any spherically symmetric double null coordinates (u, v, ¥, ¢) on extremal
Reissner—Nordstréom with u “ingoing,” Y can be written as (9,7)"'d,. The YY-component of the Ricci
tensor, Ryy, vanishes identically on any Reissner—Nordstrém solution.

Theorem II (Dynamical horizon instability, rough version). For any initial data lying in Msean, the following
holds on the event horizon H* of its mazimal globally hyperbolic development:

(i) Let Y = (9,r)"'0, denote the gauge-invariant null derivative transverse to H*, where r is the area-
radius of the spacetime, and u is a retarded time coordinate, i.e., increasing towards the black hole.
Then Ryy and Y (r¢) are approzimately constant on H™T, i.e., do not necessarily decay.

(#i) There exists a relatively open subset of Mgiap for which the “asymptotic Aretakis charge”

Hol¢] = Tim ¥ (rg) e+ (v) (1.6)



is nonvanishing. Here v is an advanced time coordinate on the spacetime such that v = oo at future
timelike infinity i*. It holds that

Bim Ryy e (v) = 2M 2 (Holg]). (17)

(iii) If Holp] # 0, then there exists a constant ¢ > 0 such that

|VYRY}/|7.L+ (v)‘ > cv, ‘Yz(rgb)bﬁ (v)‘ > cv. (1.8)

As was mentioned before, the problem considered here was previously investigated numerically by Murata,
Reall, and Tanahashi in [MRT13]. Theorems I and II rigorously confirm all of their findings about the black
hole exterior and event horizon for initial data in Mg, and make precise the nature of the “fine tuning”
required to asymptote to extremality. Their findings about the black hole interior at extremality are also
verified by combining Theorem I with the work of Gajic and Luk [GL19|; see already Section 1.3.2.

Remark 1.1. The non-decay and growth of Ryy and Vy Ryy along H ™ found in the present paper is distinct
from the non-decay and growth of o and Yy« found by Apetroaie in [Ape22| for the generalized Teukolsky
system on extremal Reissner—Nordstrom, where aap = W(ea, Y, ep,Y), where W is the Weyl tensor, and
{ea}a=12 span the symmetry spheres. Indeed, o vanishes identically for a spherically symmetric metric.

In this paper, we do not pursue the interesting question of which other geometric quantities exhibit
instabilities at higher orders of differentiability.

1.2 Overview of the proof

The proof of Theorem I involves a bootstrap argument with a teleologically normalized double null gauge
coupled to a discrete modulation argument performed on dyadic timescales. Theorem II is proved by com-
bining the method of characteristics for the wave equation for ¢ with precise estimates on the dynamical
degenerate redshift factor along the event horizon H*. We now describe the proofs in some detail, beginning
with the relevant theory for the linear wave equation on extremal Reissner—Nordstrom.

1.2.1 Review of spherically symmetric linear waves on extremal Reissner—Nordstrém and the
Aretakis instability

Here we briefly review the theory of spherically symmetric solutions to the linear wave equation (1.5) on
extremal Reissner-Nordstrom. Aretakis initiated the study of this problem in [Arella; Arellb| but we
will make use of technical advances made by the first-named author, Aretakis, and Gajic in [AAG18a;
AAG18c; AAG20a]. For a brief review of the geometry of extremal Reissner—Nordstrom, we refer the reader
to Section 2.2 of the present paper, [Arella, Section 2], and the appendix of [Arel0].

The general strategy to prove energy decay statements for waves on extremal Reissner—-Nordstrém consists
of, as in the subextremal case, deriving a hierarchy of weighted energy boundedness inequalities and time-
integrated energy decay estimates. This hierarchy takes the form

2
/ 7’17(81;1/))2 dv+/ ('I’—M)Q_P (au'(/}) du
0(7'2) Q(Tz) _auT
C(11) C(m) X
[ mtewrair s [ owaerios, (1.10)
T1 C(7) Clr)
T2 2
- </ @ o, 1.11
/n /cu)(r ) —g,r T Q(n)(r - o, TR (1.11)

where (u,v) denote Eddington—Finkelstein double null coordinates on the domain of outer communication,
T is proper time along a timelike curve I" with constant area-radius, 71 < 72, p € [0,3) in (1.9), p € [1,3) in



Figure 2: A Penrose diagram of extremal Reissner—Nordstrom depicting the foliations C'(7) and C(7) used
in the estimates (1.9)—(1.11). The region of integration in (1.10) and (1.11) is shaded darker.

(1.10) and (1.11), “l.o.t.” denotes terms lower in the p-hierarchy, the foliations C'(7) and C(7) are defined
pictorially in Fig. 2 above, and 1 denotes the radiation field

P =ro.

Remark 1.2. The range of our horizon and infinity hierarchies is considered for p € [0,3 — d]. Specifically,
at the horizon, this range is sharp, and it is necessary for us to go beyond p > 2 in order to simultaneously
close the bootstrap argument for both the scalar field and the geometric quantities.

Remark 1.3. The expression (9,1)2(—0,7)*du is invariant under reparametrization of the double null gauge
and represents a non-degenerate one-form along C(7). Indeed, written in ingoing Eddington—Finkelstein
coordinates (v, 7), it corresponds to (9,1)? dr along C(7), which is manifestly nondegenerate.

The inequality (1.10) is the celebrated rP-weighted estimate of Dafermos and Rodnianski [DR10] and
relies only on the asymptotic flatness of the extremal Reissner—Nordstrom metric. The estimate (1.11) is
specific to extremal Reissner—Nordstrém and can be thought of as a “horizon analogue” of the rP estimates
at infinity: The event horizon H™ of extremal Reissner—Nordstrom is located at r = M and hence r — M is a
degenerate weight on HT. The estimate (1.11) states that the time integral of the (p — 1)-weighted horizon
flux is bounded by the initial value of the p-weighted horizon flux. This horizon hierarchy—some special
cases of which were introduced in [Arella] and in full generality was presented in [AAG20a]—replaces the
fundamental redshift estimate from [DR09; DR13] which holds for any stationary event horizon with positive
surface gravity. Note that the p = 0 horizon flux is equivalent to the T-energy, where T is the time-translation
Killing field. The duality between r and (r — M)~! is related to the so-called Couch—Torrence conformal
isometry [CT84| that exchanges H' and ZT in extremal Reissner—Nordstrom.

Using the pigeonhole principle as in [DR10], (1.9)—(1.11) can be used to prove the energy decay estimate

2
/ rP(8,1)? dv + / (r— M)Q*I’M du < Cr=3+0+P, (1.12)
o) c(r) —Our

for every p € [0,3 — 4] and T > 79, where C, is a constant depending on ¢ and the data at 7 = 75. This
estimate can then be used to prove pointwise decay of v itself. By commuting the wave equation, higher
order versions of (1.9)—(1.12) can be proved, but we shall not need to do so in the present paper.

Remark 1.4. Observe that (1.12) for p = 2 states that the nondegenerate energy of 9, decays only like
77149 compared to 77319 or 77219 in the subextremal case (depending on the assumptions for the decay
of the data at infinity—see for example [AAG18a]). Unfortunately, this is in fact sharp for generic data
(see [AAG17]) and persists in the nonlinear theory, see already Sections 1.4.1 and 9.3. This slow decay is
responsible for many of the technical difficulties we face in the present paper and will be discussed again in
Section 1.2.4 below.



While certain energies for ¢ do indeed decay by (1.12), the Aretakis instability states that nondegenerate
ingoing null derivatives of ¢ on HT do not decay, or can even grow polynomially. We now briefly explain this
mechanism. Let Y = 9, in ingoing Eddington-Finkelstein coordinates (v,r).! An elementary calculation
using the wave equation (1.5) shows that

9y (Yehla+) =0, (1.13)

i.e., Y4 is constant along H'. Therefore, in sharp contrast to the subextremal case, Y1 does not decay
along H*. This constant is written as Hy[¢] and is called the (zeroth) Aretakis charge of ¢.

By commuting the wave equation with Y, we can likewise derive an evolution equation for Y2 along
HT. If Hyl¢] # 0, we have that

9y (Y?9|gy+) = —2M 2 Hy[@] + decaying terms, (1.14)

so upon integrating in v we conclude that |Y2¢| > |Ho[¢]|v on H* for v large. In fact, we have |Y*y| >
|Ho[¢]|v*~! on H* for any k > 1 and v large.

1.2.2 Prescription of seed data and the modulation parameter «

Keeping in mind the ideas of Section 1.2.1, we now turn to the outline of the proofs of Theorems I and II.

We recall the notion of renormalized Hawking mass, which is the appropriate analogue of the usual
Hawking mass m for solutions of the spherically symmetric Einstein—Maxwell-neutral scalar field model:

. e?
w=m 2r’

where e is the constant charge of the solution. In Reissner—Nordstrom with parameters M and e, w = M.

We refer back to the Penrose diagram of the setup of our main results, Fig. 1. Bifurcate characteristic
seed data for the spherically symmetric Einstein-Maxwell-neutral scalar field model on Co,t UC'y consists of
the restriction of ¢ to Coyus U Ciy, denoted by ¢, the area-radius A of Coyt N Ciy, the renormalized Hawking
mass wq of Coyy N Cin, and the constant charge e of the solution.

Fix extremal parameters My = |eg| and an area-radius 1000 (which lies far outside the horizon located
at 7 = My). We consider perturbations of the bifurcate cone in the extremal Reissner-Nordstrom solution
with parameters (M, ep) with bifurcation sphere at r = 100My. We consider the seed data norm

D~ |A — 100My| + |wwg — Mo| + |e — eo] + Scl}p (\¢| + |aﬂ¢|) + sup (|¢| + |T28731/1|) (1.15)

in out

and define a master smallness parameter ¢ > ®. Here (4, 0) are “initial data normalized” coordinates such
that 937 = —1 on Cj, and 937 = 1 on Cyyg. In particular, @ will be regular across the event horizon.

As in [DHRT], we in fact consider a family of initial data which are indexed by a real parameter « such
that @y = My + . Therefore, for ((b, A, e) fixed, the “codimension-one” aspect of Theorem I means that we
find (at least one) @ = «, such that the solution generated by the seed data (d), A, My + ay, e) converges to
extremal Reissner-Nordstrom with parameters M = |e| and e. The critical parameter o, is determined in
evolution and cannot be read off from the initial data. See already Section 1.2.6.

The setup for the initial data is given in Section 3.1.

1.2.3 Setup of the bootstrap argument and the teleological gauge

Our general setup for the bootstrap argument (depicted in Fig. 3 below) is inspired by [DHRT] and the work
of Luk—Oh [LO19b] on stability of subextremal Reissner—Nordstréom in spherical symmetry.

In Fig. 3, the timelike curve I' has constant area-radius » = A (from the seed data) and is parametrized
by proper time 7 > 1. The parameter 7; determines the bootstrap domain D;, and is sent to infinity in
the course of the proof. The double null coordinates (u,v) are teleologically normalized according to the

conditions 9,r = —(1 — 277”) on the ingoing future boundary of D;,, where m is the Hawking mass of the

IThe vector field Y can be expressed as (9,7) 10, in Eddington-Finkelstein double null coordinates (u,v), or any
reparametrization thereof.



Figure 3: A Penrose diagram of one of the bootstrap domains D, = J~(I'(f)) used in the proof of
Theorem I. Here I' = {r = A} is the timelike curve which anchors the bootstrap domains and (u,v) are
double null coordinates teleologically normalized as depicted.

spacetime, and 0,7 = 1 — 277” on I'. This latter gauge condition for the v coordinate is nonstandard and

marks a crucial difference with the subextremal case in [LO19b; DHRT]. We extend 7 to a function on D,
by setting it equal to proper time along I' and then declaring it to be constant along ingoing cones to the
left of I and constant along outgoing cones to the right of T'.

Since the charge e is conserved, we know a priori that we should aim to converge to extremal Reissner—
Nordstrom with parameters M = |e| and e. We anchor a comparison extremal Reissner—Nordstrém solution
with area-radius function 7 and parameters (M, e) in Eddington—Finkelstein double null gauge to the boot-
strap domain D,, by setting 7(I'(7f)) = A. Relative to this background solution, we define energy norms
motivated by the uncoupled case (recall Section 1.2.1),

&= | @) dvt e
Cru(T>ﬂD7—f

2
ép(T)i/ (f_M)2*PMdu+... ;
Cru()NDry —0ur

where we have only written the most important terms for now.

Remark 1.5. In the definition of &,, we use the “dynamical” r and not the background 7. This is because
the rP estimates in spherical symmetry do not generate nonlinear errors and r works just as well as 7 in the
far region. The use of ¥ — M in &, is crucial, however.

For the modulation parameter « lying in an appropriate range (to be explained in Section 1.2.6 below),
we make the bootstrap assumptions

Our
OuT

~

1‘ ST | ST | - M| S PR (1.16)

on D;, for the geometry and
Ep(r) + Ep(r) S 2r72H0%P (1.17)

for T € [1,7¢] for the scalar field; compare with (1.12).? The main analytic content of Theorem I consists of
recovering the bootstrap assumptions (1.16) and (1.17).

The setup for the bootstrap argument is given in Section 3.2, the anchoring procedure is given in Sec-
tion 3.3, and the bootstrap assumptions are precisely stated in Section 4.1.

2We also have bootstrap assumptions for energy fluxes along outgoing cones in the near region and along ingoing cones in
the far region, but suppress these at this level of discussion.
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1.2.4 Estimates for the geometry: the role of the degenerate redshift

We utilize the well-known quantities

which satisfy good evolution equations in w and v, respectively. The background extremal Reissner—
Nordstrém solution 7 has & = —5 = 1 globally. Therefore, the anchoring and gauge conditions ensure
that »(I'(7y)) = 7(I'(74)), K = & = 1 along ' N D, and v = 7 = —1 along the final ingoing cone in D,,.
The v-equation for v sees the flux & and hence gives us that v = —1 + O(e2773%%), which is the best
that can be expected. On the other hand, the u-equation for x reads O,k = r£(0,1) "1 (0, ¢)?, which sees £,
and hence decays much slower.®> On the other hand, the quantity (¥ — M)?~P(x — &), for p € [0,2], obeys a
u-evolution equation that sees the flux £, when integrating to the left of I', and hence we show that

(F— M)* Pk = (F — M)*>7P + O(e2773+01P) (1.18)

to the left of I'. This hierarchy of decay rates for x is a fundamental aspect of our geometric estimates.
Because of this, it is important not to waste any powers of ¥ — M in the system and our scheme is
essentially sharp at the horizon in this regard. Of particular importance are the quantities 1 — sz and 9,7,

which we show admit “Taylor expansions” of the form

2m 2m  2M ,_

_am o, oame el o 3/2,_—346
l-—==1-—t — (= M) —7) + O 777, (1.19)
Dpr = O,T + 2‘;}/'3[% (F — M)(r —7) + O(e3/277319), (1.20)

In the background solution, the quantities 1 — 277” and 8,7 vanish quadratically on H™T, so these are to be

viewed as expansions in powers of 7 — M with rapidly decaying error.

The linear terms and strong decay of the error terms in (1.19) and (1.20) are important. For example, the
function 1 — 22 appears naturally in the u-equation for w, which reads 9, = 3(1 — 22)r2(9,r) "1 (du0)?,
and proving 7-3%9 decay for this requires taking advantage of the linear term in (1.19). Moreover, the linear
term in (1.19) is used to bound the error term in (1.20). The sign of the linear term in (1.20) is crucial:
it is positive in the domain of outer communication, which reflects the global redshift effect on extremal
Reissner-Nordstrom. However, unlike the subextremal case (compare for instance [LO19b, Lemma 8.19]),
the effect is degenerate on the horizon and the rapidly decaying error term becomes important.

The geometric estimates are proved in Section 5.

1.2.5 Integrated local energy decay and the r” and (¥ — M)?~P energy hierarchies

To recover the bootstrap assumption (1.17) for the scalar field, we follow the general strategy outlined in
Section 1.2.1. We prove the estimates

Ep(12) + Ep(12) S Ep(11) + £,(71) + decaying nonlinear error (1.21)

for 1 <7 <75 and p € [0,3 — ], and

T2
/ (Ep—1(T) + Ep—1(7)) dT S Ep(T1) + Ep(71) + decaying nonlinear error (1.22)
T1

for p € [1,3 — §]. The choice of multiplier vector fields and lower order currents is inspired by work in the
uncoupled case and [LO19b]. We utilize a mix of “dynamical” (i.e., defined relative to the dynamical metric)
and “background” (i.e., defined relative to the background extremal Reissner—Nordstrom metric 7) multipliers
to minimize the number of error terms. The expansion (1.19) is used crucially to estimate nonlinear errors in
the near-horizon region. Once (1.21) and (1.22) have been proved, decay is inferred by a standard application
of the pigeonhole principle as in [DR10].

The energy hierarchies are defined in Section 6 and energy decay is proved in Section 7.

3In fact, if we only took p up to 2 in our master hierarchy, we would not even have decay for the p = 2 flux! Note again
(recall Remark 1.4) that in the subextremal case, we would have 77348 decay for k — 1 if we take p up to 3 — 4§, and 72 decay
(which is still integrable) if we only take p up to 2.
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Figure 4: A schematic depiction of our modulation scheme. Let p +— qb(p) be a one-parameter family
of characteristic initial data for the scalar field with gb(O) = 0. We can then consider the plane in It
parametrized by (p,«), which is what has been depicted. Each p generates a line segment £ in 97 which
intersects the “submanifold” M1, at least once. On the three L£’s depicted here, we have also drawn three
of the nested modulation sets 2(; which converge to £NMiap- Note that we have drawn 9. as a smooth,
connected curve here, which is in line with our conjectures in Section 1.3, but we do not prove any such fine
structure of it in this paper.

1.2.6 The codimension-one “submanifold” M., and modulation on dyadic timescales

While our bootstrap argument is performed continuously in time, the choice of allowed modulation param-
eters a is only decided when 7 is dyadic, i.e., a power of 2. This approach is motivated by the purely
dyadic approach of Dafermos—Holzegel-Rodnianski-Taylor in [DHRT22| and turns out to be quite fortuitous
compared to the continuous in time modulation theory employed in [DHRT].

In practice, we construct a sequence of nested compact intervals Ay D 24; D --- such that 2(; consists
of those a’s which we consider for bootstrap time 7; € [2¢,271). These sets are defined implicitly by the
requirement that the renormalized Hawking mass w at the point T'(2%) must lie within £3/22(=3+9)% of M for
a € ;. As 7y — oo (and, consequently, ¢ — 00), we extract (at least one) critical parameter «, for which
the solution t«osnds to extremality. The stable “submanifold” Mg C M is the collection of all seeod data sets
of the form (¢, A, My + a4, e) and is codimension-one in the sense that every “line” of constant ¢, A, and e
intersects it at least once.* Refer to Fig. 4 above.

Since we construct 2; only after each dyadic time, we may always assume a 7~ decay rate for the
difference w — M, which is sharp. This should be contrasted with [DHRT], where the assumption on angular
momentum in the modulation set has a decay rate of Ty L but the improvement (i.e., the change in angular

3445

momentum along Z) is required to decay like Ty 2 which is a significant technical issue. In our work, both

3+

the assumption and the improvement have the sharp decay rate Ty % and the gain is purely in the power

of £ (€%/2 vs. €2); see already (8.1). This strong decay rate for @ — M is important, in particular because of
the absence of redshift in the geometric estimates.

We have depicted our modulation scheme in Fig. 4 above. The modulation sets 2l; are defined in Sec-
tion 4.1 and the modulation argument is performed in Section 8.1.2. Modulation on dyadic timescales,
motivated by [DHRT22], has also been performed by Kadar in [Kad24a; Kad24b].

1.2.7 Construction of the eschatological gauge and background solution

Recall from Section 1.2.3 that the teleologically normalized coordinate u and the background extremal
Reissner—Nordstrém solution 7 depend on the bootstrap time 7;. Therefore, an important final step when
taking 7y — oo is to prove that we can define a unique “final background solution” which we converge to
and an “eschatological gauge” (i.e., final teleological gauge) in which we converge to it. The regularity of
the limiting gauge is actually related to the decay assumptions on initial data,” and the best that can be

4In [DHRT], the codimension-three “submanifold” is characterized in a similar manner via three-planes in the moduli space
of seed data sets.
5A similar phenomenon occurs in [DHRT].
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hoped for given only the finiteness of (1.15) is that the final u coordinate is a C! function of the initial data
coordinate u. These limiting arguments are carried out in Sections 8.2 and 8.3.

1.2.8 Absence of trapped surfaces and rigidity of the apparent horizon

After we have constructed the dynamical extremal spacetimes, it remains to prove part (iv) of Theorem I.
This argument is originally due to Kommemi (in unpublished work) and a very similar argument appears in
[LO19a, Appendix A]. The first aspect of the argument is a proof that any point on the outermost apparent
horizon A" must lie on H+ because of simple monotonicities to the right of A’ and the fact that r and @
both asymptote to M along HT. The second part involves Taylor expanding 9,r in u along HT to show
that there are no trapped or marginally trapped spheres behind % *. This second part of the argument is
reminiscent of the proof of “Israel’s observation” (Proposition 1.1) in [KU22|. We carry out these arguments
in Section 8.3.5.

Remark 1.6. These soft arguments, using monotonicity and the wave equation for r, do not directly carry
over to the charged scalar field [Kom13] or charged Vlasov [KU24| models.

1.2.9 The Aretakis instability on the dynamical geometry

Using the geometric estimates proved in Section 5, the exact conservation law (1.13) is replaced by the
“almost conservation law”

Oy (Y1plper) = O(e377249).

Note that the error is integrable in 7 (again, thanks to going up to p = 3 — ¢ in the hierarchy!) and much
better in & than Y. Therefore, integrating this immediately gives (i) of Theorem II. Part (ii) is completely
soft and is essentially an immediate consequence of (i). To prove part (iii), we commute the wave equation
on the dynamical background with Y and show that the nonlinear error terms are decaying, which results
in an estimate entirely analogous to (1.14). The instability of the geometry is obtained by directly inserting
this behavior for ¢ into the Einstein equations. We do not prove growth of derivatives higher than second
order because this would require proving higher order estimates for the geometry, which is not necessary for
the proof of Theorem I. These arguments are carried out in Section 9.1.

1.3 The conjectural picture of the local moduli space

Theorem I makes no statement about the regularity (or even connectedness!) of the stable “submanifold”
Mstab, nor about behavior of solutions arising from data in 9\ Myiap. In this section, we propose conjectures
addressing these issues, motivated by conjectures in [DHRT], [Daf24], and [KU24] by the second- and third-
named authors of the present paper.

1.3.1 Asymptotically extremal black holes as a locally separating hypersurface between col-
lapse and dispersion

In the following conjectures, we will write the symbol 91 to mean a moduli space of initial data posed
“in the same way” as in our Theorem I, but possibly topologized by a different norm than in Section 3.1
below. In particular, it could be that the following conjectures are only true under stronger asymptotic
decay assumptions. However, we will always suppose that 9 carries a Banach space structure, so that we
have access to the notion of C'* submanifolds of 9t.

For v € [0, 1], we can consider the subset M., C M consisting of initial data which form a black hole
with asymptotic parameter ratio |es|/Ms = t.6 In this notation, the stable set from Theorem I is Mmooy
and |J,_, M, was studied by Dafermos and Rodnianski in [DRO5].

<1

Conjecture 1 (Regularity of 9M,,,). For every v € [0,1], ML, is a C1 hypersurface in M. Moreover, if
Milack denotes the subset of M consisting of seed data which form a black hole in evolution, then Mpjack @S
foliated by the collection {9}

61n this model, the charge e is constant and can be read off from initial data, but Moo = limy— 00 @ w+ 18 only teleologically
determined.
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Figure 5: A cartoon depiction of the conjectured structure of a neighborhood of extremal Reissner—Nordstrém
in the moduli space 9 of initial data posed as in Fig. 1. We have suppressed infinitely many dimensions and
emphasize the codimension-one property of the submanifolds M;, .. We have drawn a distinguished point,
which is extremal Reissner—Nordstrom. We have also drawn one of the lines £ from Fig. 4 with the natural
orientation given by increasing modulation parameter «. The solid point on £ corresponds to a = a (recall
Section 1.2.6). See also Fig. 6 below.

In particular, we conjecture that the stable “submanifold” from Theorem I is in fact a connected, regular
hypersurface in 9. Our next conjecture addresses what happens on “either side” of M, . ; see Fig. 5 above.

To motivate the following conjecture, it is helpful to consider the Reissner—Nordstrém family itself for a
moment. If we consider characteristic data for the spherically symmetric Einstein—Maxwell system posed on
a bifurcate null hypersurface as in Fig. 1 and then vary the renormalized Hawking mass w of the bifurcation
sphere, the resulting developments sweep out a portion of the family of Reissner—Nordstrém solutions.
In particular, we can observe a transition from dispersion within the domain of dependence of the data
(when the parameters are superextremal) to existence of a black hole (when the parameters are extremal or
subextremal). Extremal Reissner—Nordstrom is the critical solution in this phase transition. Note that none
of these developments contain naked singularities. We conjecture that this critical behavior is preserved
when we pass to the spherically symmetric Einstein—-Maxwell-neutral scalar field model:

Conjecture 2 (Extremality as a stable critical phenomenon). Sufficiently close to extremal Reissner—
Nordstrom, 9\ E)ﬁitab has two connected components, which we denote by Mgup, and Maisp. These sets
have the following properties:

(i) The set Mg,p, consists of seed data leading to the formation of an asymptotically subextremal Reissner—
Nordstrém black hole and is foliated by the hypersurfaces M, ., with v < 1.

sta

(i1) Solutions evolving from seed data in Maisp do not form a black hole in the domain of dependence of
the initial data hypersurface Cous U Cin.

In particular, the “extremal threshold” zm;tab delineates the boundary between black hole formation and dis-
persion in the domain of dependence of Cout U Ciy -

This conjecture relates to Fig. 4 and our modulation scheme in the present paper as follows: for a > ay
(where «, is the critical parameter described in Sections 1.2.2 and 1.2.6), we expect the seed data set
(qob, A, My + a, e) to lie in My, and if o < ., we expect it to lie in Mg;sp.

Since charge is conserved in the neutral scalar field model, it is not possible to have solutions with a
nontrivial charge and a regular center. Therefore, Conjectures 1 and 2 are necessarily “local near the event
horizon” because the ingoing cone (', must terminate at a symmetry sphere with positive area-radius.
Therefore, even in the “dispersive” case, the solutions are necessarily geodesically incomplete. The second-
and third-named authors of the present paper have shown that extremal Reissner—Nordstréom black holes can
form dynamically from initial data posed on R? in the Einstein-Maxwell-charged scalar field and Einstein—
Maxwell-charged Vlasov models [KU22; KU24|. Therefore, Conjectures 1 and 2 can be formulated for these
models, where data in 9gisp now really “exist globally” and “disperse” in the literal sense. We refer to the
introduction of [KU24| for more details.
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data in Myisp: no black hole data in Mgpab: |€oo] = Moo data in Meup: |eco| < Moo
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Figure 6: Penrose diagrams depicting evolutions of seed data in the sets Maisp, ?Jﬁ;tab, and M. One can
think of these as arising from a one-parameter family of seed data crossing the extremal threshold in Fig. 5.
Spacetimes arising from Mgssp have incomplete null infinity Z+ because the ingoing cone Cj, is incomplete
and no black hole has formed. As proved in Theorem I, solutions on the critical threshold 9!, contain
no trapped surfaces, but it follows from the work of Dafermos [Daf05c] that solutions arising from Mgy,
have a nonempty trapped region as depicted. The explicit Reissner—Nordstrom family itself already displays
this transition behavior, in which case the trapped region in the third Penrose diagram would intersect the
initial data, and the solid point would lie “beyond the Cauchy horizon” in the maximal analytic extension of
subextremal Reissner—-Nordstrom.

1.3.2 The black hole interior at extremality

As explained in Section 1.2.8, the black hole regions of the spacetimes evolving from data in Mgy, are
free of trapped surfaces, see Fig. 1. In particular, this shows that the interior is bounded to the future by
a smooth outgoing null hypersurface (a trivial, smooth Cauchy horizon) emanating from the final sphere
of Ci, (the solid point in Fig. 1) and a potentially singular ingoing Cauchy horizon CH' emanating from
it. Analogously to the surface gravity of H+ defined in (1.4), one can define the surface gravity of CH™
in Reissner—Nordstrom for 0 < |e|] < M. In the extremal case |e] = M, this surface gravity also van-
ishes, resulting in the absence of Penrose’s blueshift instability [Pen68] and, somewhat ironically, renders
the extremal Reissner-Nordstrém Cauchy horizon CH™ more stable than its subextremal variant [Gajl17a;
Gajl17b|. Indeed, our decay estimates of Theorem I on the geometry and the scalar field along H* satisfy
the assumptions in [GL19, Theorem 5.1] and therefore the spacetimes evolving from Mg, can be extended
in C%'/2N H]} _ across CH" and the Hawking mass remains uniformly bounded. This is in sharp contrast to
the subextremal case, where generically the Hawking mass blows up identically along CH' [Daf03; Daf05c;
LOS23; Gau24| and extensions are believed to be less regular than C%'/2 0 H! [LO19a; LO19b|. In the
extremal case, the existence of Cauchy data leading to any type of singularity at CH ™" remains open—even
for the linear wave equation!

Note that according to Conjecture 2, asymptotically extremal Reissner—Nordstrém black holes only form
from the (manifestly nongeneric) “codimension 1 submanifold” Mgtap, so their more regular Cauchy horizons
do not endanger Penrose’s strong cosmic censorship conjecture.

1.4 Outlook

We conclude the introduction with some thoughts and comments about future directions and related prob-
lems. We refer the reader also to the recent essay by Dafermos [Daf24] about the stability problem for
extremal black holes and the introduction of [KU24]| for connections with critical collapse.
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1.4.1 Observational signatures and late-time tails

In Section 9.2, we prove asymptotics for the scalar field in the near-horizon region, using the energy decay
estimates from the proof of Theorem I (in particular the (7 — M )?~P hierarchy up to p = 3—4). In Section 9.3,
we then use this sharp decay estimate to show that the range of the (¥ — M)2~P hierarchy is indeed sharp,
as long as the asymptotic Aretakis charge is not too small compared to the master smallness parameter
of the problem. Namely, we show that the non-degenerate integrated energy is unbounded in any infinite
area close to the horizon. This is in sharp contrast to the subextremal case, where the celebrated redshift
estimate [DR09] implies that this integrated energy is finite near the horizon.

We note that compared to the uncoupled case, the leading order term in the decay for 1) does not only
include the asymptotic Aretakis charge Hy[¢] but also an error of order £ that comes from the geometric
estimates. This marks a difference with the uncoupled case and is a manifestation of the failure of the
Couch—Torrence conformal isometry in the dynamical case. This creates a marked difference in the proof of
the failure of the redshift estimate compared to the uncoupled case, see already Remark 9.9.

In the present paper, we only obtain sharp pointwise estimates for the scalar field near the horizon. It
would be an interesting problem to obtain asymptotics for the scalar field everywhere for our asymptotically
extremal black holes, depending on the initial assumptions for the behavior of the scalar field at infinity. In
the uncoupled case, assuming either compactly supported initial data or sufficiently fast decay so that the
so-called Newman—Penrose constant vanishes, one can extend the r? hierarchy to the range of p € (0,5).
After some technical work (commutation and a “time inversion” process), one can show that the radiation
field decays like 42 in a region close to Z1, where the constant of the leading order decaying term depends
not only on the Newman—Penrose constant but also on the Aretakis charge. This can be considered an
observational signature for extremal Reissner—Nordstréom black holes and it would be interesting to extract
this signature in our dynamical setting. For more details on observational signatures for extremal Reissner—
Nordstréom black holes, see [AAG18c; AAG18c¢| and the numerical results of [AKS23].

1.4.2 Outside of symmetry

The present work in symmetry is the first step towards addressing the stability problem for (and, more

generally, the structure of moduli space near) extremal black holes in Einstein(—Maxwell) theory outside

of symmetry. We wish to consider the extremal Kerr—-Newman family which consists of axisymmetric,

rotating charged black holes with mass M, charge e, and specific angular momentum a satisfying the relation

M? = €% +a?. When a = 0, this reduces to extremal Reissner-Nordstrém and when e = 0, to extremal Kerr.
In the very slowly rotating case (Ja] < M), we have the following:

Conjecture 3 (Dafermos—Holzegel-Rodnianski-Taylor [DHRT; Daf24]). Conjectures 1 and 2 hold, suitably
interpreted, in a neighborhood of very slowly rotating extremal Kerr—Newman, without symmetry.

Significant progress on linear stability in the subextremal case has been made by Giorgi and Wan in
[Gi022; Gio24; Gio23; GW24]). For extremal Reissner—Nordstrom, a complete understanding of the Teukol-
sky equation was recently obtained by Apetroaie [Ape22]|, who showed both decay statements and that a
version of the Aretakis instability is present (see also the earlier [LMRT13]).” Unfortunately, an understand-
ing of even the linear wave equation on very slowly rotating extremal Kerr—Newman (with a # 0) remains
open. In addition to requiring a detailed understanding of linear theory around very slowly rotating extremal
Kerr—Newman, we expect that resolving Conjecture 3 will also rely on a nontrivial understanding of the null
structure of the Einstein equations in the near-horizon region, analogous to the nonlinear results of [Angl6;
AAG18b; AAG20b] and the present work.

The case of extremal Kerr is considerably more speculative. While mode stability for the linear wave
equation has been shown by Teixeira da Costa [TdC20], axisymmetric scalar perturbations have been shown
to exhibit a similar non-decay and growth hierarchy as general scalar perturbations of extremal Reiss-
ner—Nordstrom [Arel2]. Moreover, even pointwise boundedness for linear waves remains open. Recently,
Gajic has shown the existence of stronger azimuthal instabilities (i.e., associated to m # 0) on extremal Kerr

7One could also consider this conjecture further restricted to the codimension-three set of data with vanishing final angular
momentum (so as to only consider asymptotically Reissner—Nordstrém solutions, as in [DHRT]), in which case [Ape22| would
become all the more relevant.
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[Gaj23] (see also the earlier heuristic analysis [CGZ16]). In particular, growth is already triggered at the
first order of differentiability. It remains to be seen if these instabilities are compatible with global existence
and stability for nonlinear wave equations! For more discussion, we refer to [Daf24].
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2 Preliminaries

2.1 The Einstein—Maxwell-uncharged scalar field system in spherical symmetry
2.1.1 Double null gauge

Let (M, g) be a smooth, connected, time-oriented, four-dimensional Lorentzian manifold. We say that (M, g)
is spherically symmetric if M splits diffeomorphically as Q x S? with metric

9=go+rgse,

where (Q, gg) is a (1+1)-dimensional Lorentzian spacetime with boundary (corresponding to the initial data
hypersurface®), ggo = d¥? +sin® 9 dp? is the round metric on the unit sphere, and 7 is a nonnegative function
on Q which can be geometrically interpreted as the area-radius of the orbits of the isometric SO(3) action
on (M, g). We assume that (Q, go) admits a global double-null coordinate system (u,v) such that the metric
g takes the form

g = —Q%dudv + r?gg> (2.1)

for a positive function Q2 = —2¢o(9,,d,) on Q and such that 9, and 9, are future-directed. The constant u
and v curves are null in (9, gg) and correspond to null hypersurfaces “upstairs” in the full spacetime (M, g).
We will often refer interchangeably to (M, g) and the reduced spacetime (Q,r, Q?).

The double null coordinates (u,v) above are not uniquely defined. For any strictly increasing smooth
functions U,V : R — R, (4,0) = (U(u),V(v)) defines a double null coordinate system on Q for which
g = —Q? dadv + 72gge, where Q(1,) = (U'V")'Q3(U~ (@), V=" (9)) and 7(@, ) = (U~ (@), V().

Recall the Hawking mass m : M — R, which is defined by the relation

2
1- Tm = g(Vr,Vr)

and can be viewed as a function on Q according to

T 40,m0,T

This function is clearly independent of the choice of double null gauge.
We will consider spherically symmetric spacetimes equipped with spherically symmetric electromagnetic
fields with constant Coulomb charge e € R. The field strength tensor takes the simple form
0%e

F=_2° 2.
572 du N\ dv (2.3)

and the charge can be recovered from Gauss’ formula

1

= — *F
AT J {(uv)} x S2

e

81n this paper, our spacetimes do not include a center of symmetry I' C {r = 0}.
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where « is the Hodge star operator of (M, g) defined relative to the orientation du A dv A d A dp.
To see best the good structure of the spherically symmetric Einstein equations, it is very helpful to
introduce some shorthand notation. We recall the renormalized Hawking mass
2

- s 2.4
w=m+ o, (2.4)

the mass aspect function

and the traditional notation
02 A N 02 v
40,1 1—p’ = 40,1 1 —p

v=0ur, A=0,r, K= (2.6)

As the degenerate redshift effect of the event horizon of extremal Reissner—Nordstrom will play an important
role in this paper, we define the redshift factor

%:2<w€:) (2.7)

The connection of this function s with the constant s in (1.4) will be explained in Remark 2.3 below.

2.1.2 The system of equations

Definition 2.1. The Finstein—-Maxwell-neutral scalar field system consists of a spacetime (M, g) equipped
with an electromagnetic field F' and a scalar field ¢ : M — R satisfying the equations

Ric(g) — $R(g)g = 2(T™™ + T57), (2.8)
AF =0, d+F =0, (2.9)
O, =0, (2.10)

where the energy-momentum tensors are defined by

TEM = F}LaFaV - %g/wFaﬁFaﬁy

ng

T8 = 0,00, — 59400006, (2.11)

We say that (M, g, F, @) is spherically symmetric if (M, g) is spherically symmetric as defined in Sec-
tion 2.1.1, F has the form (2.3), and ¢ is independent of the angular coordinates ¥ and . In this case,
Einstein’s equation (2.8) reduces to the wave equations

02 9,ro,r Q%e?

00y = T R (2.12)
9y dylog 0 = % + % - ijQ 20,00, 0, (2.13)
and Raychaudhuri’s equations
D (%{) = — 53 (0.0)%, (2.14)
2, (%) — 0.0 (2.15)

The Maxwell equations (2.9) are automatically satisfied since e is constant. Finally, the wave equation (2.10)
is equivalent to

OpT Oy @ B OyurOy

r r

0uOpd = — (2.16)
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We will not actually work with the equations (2.12)—(2.16) as written here and will instead use the
quantities (2.4)—(2.7) which satisfy more helpful equations. First, the wave equation (2.12) can be written

in the compact form
Oy = OV = 2KV, (2.17)

which allows us to write (2.16) as an inhomogeneous wave equation for the radiation field ¥ = r¢,
00t = (0y,0p1)d = 2KV 3¢ (2.18)

Using (2.12)—(2.15), we derive the fundamental relations

O = (1= 1) (0u0)’. (2.19)
_ r? 2

0 = —(0,0)", (2.20)

Byt = %(3@)2, (2.21)

By = %(av )2, (2.22)

Finally, we note that for any ¢ satisfying the wave equation (2.16) and any C! vector field X = X“9, +
X", and any C? function h = h(r), we have the multiplier identities

8U(T2(8u¢)2Xu) + 6u(T2(811¢)2XU) = TzavXu(au¢)2 + 20, X" (80925)2 —2r (VX" + AX") 0up0up  (2.23)
and

Du0y (hrd?) — 0y (rh! X¢?) — 8, (rh've?) + (rAvh” 4 2rkvseh’ — 2k3cvh)¢* — 2hrd, ¢80, ¢ = 0. (2.24)

2.2 The geometry of Reissner—Nordstrom

In this section, we briefly review some important geometric aspects of Reissner—Nordstrém black holes
spacetimes. See Fig. 7 below for the Penrose diagram of extremal Reissner—Nordstrom. Let M > 0 and
e € R. Then the Reissner-Nordstrom metric is written in Schwarzschild coordinates (¢,7, 9, @) as

gre = —D(r)dt* + D(r)~'dr® + r’gge,

where D(r) =1— % + f—z When |e| < M and gz, analytically extends to describe a black hole spacetime,
these coordinates cover the domain of outer communication of the black hole for (¢,7) € R x (ry, 00), where
ry = M+ M? — e2. In order to cover the event horizon H* located at r = r, we introduce the tortoise
coordinate
) r d,,,,/
re(r) = —
where we have left the integration constant ambiguous. In the extremal case |e| = M, we have
2

* =r—M—
ro(r) =7 —

+ 2M log(r — M) + constant, (2.25)

which will be used in Section 9.2 below. By defining the advanced time coordinate v = %(t + 74), we bring
gM,e into the ingoing Eddington—Finkelstein form

IM.e = —4Ddv? + 4dvdr + r?ggz,

which is regular across HT. The vector field T' = 0, is the time-translation Killing vector field (equal to O
in Schwarzschild coordinates in the domain of outer communication). In these coordinates, the vector field
Y = 9, is past-directed null and is transverse to H'. It is also clearly translation-invariant in the sense that

LrY = [0,,8,] = 0.
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N

Figure 7: A Penrose diagram of (one period of) the maximally extended extremal Reissner—Nordstrom
solution. The union of the two darker shaded regions is the domain of dependence of the bifurcate null
hypersurface Coyt U Ci, and represents the solution we are perturbing around in Theorem I. We prove
stability of the medium gray colored region.

In order to put the Reissner—Nordstrom metric in double null gauge, we define the retarded time coordi-

nate u = % (¢ — r,), so that the metric takes the Eddington-Finkelstein double null form

gM,e = —4D dudv + r?gge.

The area-radius r is now an implicit function of w and v. These coordinates once again only cover the domain
of outer communication if |e| < M. The event horizon H* formally corresponds to u = +o0o and null infinity
Z7F formally corresponds to v = +o0o0. From the identity 7, = v — u, we infer that in these coordinates,
Oyr = —D and 9,r = D. Since clearly Q? = 4D and D = 1 — p, this implies that

y=-1 and k=1
in these coordinates. Since 9,7 = —D, we have that
Y = (1) 10y.
Finally, by simply changing the origin of the (u,v) coordinates, we prove:

Lemma 2.2. Let M > 0 and |e|] < M be Reissner—Nordstrom black hole parameters. Then for any Ry €
(ry,00) and (ug,vo) € R?, there exists a unique function 7 : R?* — (r4, 00) such that

g = —4D(7) dudv + 7 (u, v)gg2 (2.26)
on R? x S? is isometric to the Reissner—Nordstrom black hole exterior with parameters (M, e) and such that
@:M, 8u’l:: 7(17}1), 3q,f: 17,L_l,7 and F(Uo,’UQ) :Ro.

As mentioned above, the Eddington—Finkelstein double null coordinates defined in this section do not
cover the event horizon, but it can be formally attached as the null hypersurface u = +oo. With this
understanding, we may extend geometric quantities associated to the metric (2.26) to the horizon by setting

7(00,:) = M, Moo,)=0, ffoco,-)=1, 3x(c0,-)=0.

20



Remark 2.3. In exact Reissner—Nordstrém, we may write the time-translation Killing vector field relative to
a generic double null coordinate system as the Kodama vector field

2\ 2u

T:@auf@

0y, (2.27)

as long as w and v are chosen so that T is future-directed timelike for » > r;. One can then compute
VrT = —xT"0, + T"0,,
where s is the redshift factor defined in (2.7). Therefore, on the event horizon HT, where T% = 0,
VT |y+ = T |y+.

Compare this identity with (1.4).

2.3 The characteristic initial value problem
2.3.1 Characteristic data and existence in thin slabs

Given Uy < Uy and Vy < V7, let

C(Uo, Ur, Vo, Vi) = ({Uo} x [Vo, Vi]) U ([Uo, Ur| x {Vo}),
R(Uo,Ul,‘/o,Vl) = [Uo,Ul] X [V(),Vl]

We will omit the decoration (Uy, Uy, Vp, V1) from C and R when the implied meaning is clear. A continuous
function f: C — R is said to be smooth if fous = fliueyxve,1] and fin = flwo,v1]x{ve}y are C* functions.

Definition 2.4. A smooth (bifurcate) characteristic initial data set for the Einstein-Maxwell-scalar field
system consists of a triple of smooth functions 7, QQ,QOS : C — R with # and 02 positive, together with a
real number e. The functions # 02, and ¢ are assumed to satisfy (2.14) on [Up, U1] x {Vo} and (2.15) on
{Uo} x [Vo, VA].

Proposition 2.5. For any Uy < Uy, Vo < Vi and B > 0, there exists a constant eqap with the following
property. Let (7,Q2, ¢,¢e) be a characteristic initial data set of the Einstein—Mazwell-scalar field system on
C(Up,Ur, Vi, V1) satisfying

log #|o1(ey + log 2| crey + Bl ey + le| < B.

Then there exists a unique, smooth solution (r,Q2, ¢, e) to the spherically symmetric Einstein—Mazwell-scalar
field system on the slab

D= R(UOa UO + min{gslaba Ul - UO}7 ‘/03 Vl) U R(UOa U17 V07 % + min{eslab7 ‘/1 - VO})

which extends the initial data. Moreover, the norms |[logr||lcx(py, [[log Q*||cx(py, and ||¢]lcxp) are bounded
in terms of appropriate higher order initial data norms.

Proof. Local existence for the characteristic initial value problem in small rectangles is obtained by a standard
iteration argument, see for instance [KU24, Appendix A]. In order to extend the region of existence to a
thin slab, one exploits the null structure exhibited by the system (2.12)—(2.16): the equations can be viewed
as linear ODEs in u for the v-derivatives of the unknowns, and vice-versa. See [Luk12| for an elaboration
of this principle in a much more complicated setting. Alternatively, one can use the “generalized extension
principle” for this model (see [Kom13]) and argue as in [KU24, Proposition 3.17]. O

We also have a natural notion of maximal globally hyperbolic development [CG69; Sbil6] in spherical
symmetry, which can be directly realized as a subset of the domain of dependence of C viewed as a subset
of (1 4 1)-dimensional Minkowski space.
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Proposition 2.6. Let (7, 62,55, e) be a characteristic initial data set of the Einstein—Mazwell-scalar field
system on C(Uy, Uy, Vo, V1), where Uy and Vi are allowed to take the value +oco. Then there exists a set
Omax C R(Uy, U1, Vo, Vi) with the following properties:

1. Omax 1s globally hyperbolic as a subset of R,}Lﬁ} with Cauchy surface C.
2. The solution (r,Q2, ¢, e) extends uniquely to Quax-
8. Qmax 18 maximal with respect to properties 1. and 2.

For a characterization of the future boundary of Qpax, see [Kom13].

2.3.2 Gauge-normalized seed data

In defining the moduli space of initial data 99t for our main theorem, it will be convenient to parametrize
the space of bifurcate characteristic initial data as a linear space in such a way that certain gauge conditions
are automatically satisfied on C in the maximal development. Note that this notion of seed data is distinct
from the one used in [KU22| because the gauge condition is different.

Definition 2.7. Let C be a spherically symmetric bifurcate null hypersurface. A seed data set is a quadruple
S= (¢a To, Wo, 6)7
where (b is a smooth function on C, rq is a positive real number, and wg, e are real numbers.

Proposition 2.8. Let S = ((;5, ro, @0, ¢) be a seed data set on C(Uy, Uy, Vo, Vi) with Uy — Uy < ro9. Then
there erists a unique characteristic initial data set (¥,Q2, ¢,e) on C(Uy, Uy, Vo, V1) such that the mazimal
development (Quax, T, 22, ¢, €) of (#,Q% ¢,e) has the following properties:

1. r(Uo, Vo) = 1o,

2. @w(Uo, Vo) = wo,

3. v=—1 on [Up, U] x {Vo}, and
4. A=1on {Up} x [Vo, V1]

We refer to characteristic data obtained from S in this manner as gauge-normalized characteristic data
determined by S.

Proof. For (u,v) € [Uy, Uq] x [V, V4], set
Tin(w) =rg —u, Tout(v) =70+,
and then
08,0 = e (= [ @il ar’) . o) = 405w ([ @)
0 0

Assembling these functions into a characteristic data set (7, (022, quS, e), we can immediately see that condi-
tions 1.—4. will be satisfied on the maximal development by virtue of the definitions. O

3 Stability and instability of extremal Reissner—Nordstrom: setup
and statements of the main theorems

In this section, we give the detailed statements of our main results as well as the precise definitions needed to
make the statements. In Section 3.1, we define the moduli space of seed data 91 that features in Theorem I.
In Section 3.2, we define the bootstrap domains D,, and the associated teleologically normalized gauges. In
Section 3.3, we define the anchored background extremal Reissner-Nordstrom spacetimes on D, and the
associated energy hierarchies. Finally, in Section 3.4, we give the precise statements of Theorems I and II.
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3.1 Definition of the moduli space of seed data I

Fix a mass parameter My > 0 and let eg be a charge parameter satisfying |eq| = Mp. Let

995
. = — M,
U. 10 Yo
and let R
C= C(O7 U,,0, OO) = Cin U Cout

denote the bifurcate null hypersurface on which we pose our data. We denote the null coordinates on ¢ by
@ and 0. Later, in the proof of the main theorem, @ and ¢ will be renormalized.

Let S = (¢, A, wo, e) denote a seed data set on C with bifurcation sphere area-radius rg denoted by A.
We define the seed data norm

D[S] = |A — 100Mo| + |ewo — Mo| + |e — eo| + sup (\Jnn\ n |aﬁ¢°sin\)

o 5up (14 9)[Gout| + (1 +9)105 ot + (14 9)%195 (00w )

out

The seed data norm ® and many of the constructions and smallness parameters in this paper will
implicitly depend on the (fixed) choice of M.

Remark 3.1. The unique seed data with ® = 0, namely (0, 1000y, My, ), corresponds to extremal Reissner—
Nordstrom with parameters (My,eg) and bifurcation sphere area-radius 100M,. Note that since A is not
fixed to be 100Mj, there is a one-parameter family of seed data corresponding to the extremal Reissner—
Nordstrom black hole with parameters (My, eg), but all except for the one with A = 100M, will have © > 0.
The event horizon for the evolution of (0,100Mg, My, ep) is located at

gt 0 = 99 My (3.1)

in the (u,?) gauge determined by Proposition 2.8.

We now show that for D[S] sufficiently small, the associated characteristic data have “no antitrapped
spheres of symmetry.”

Lemma 3.2. There exists an €1oc > 0 depending only on My such that if S is a seed data set for which
@[S] < 3c10c, (3.2)

then the maximal globally hyperbolic development (Qmax,r, 02 ¢, e) of S has Ogr < 0 everywhere on Qmax.

Remark 3.3. The role of the number 3 in (3.2) is that every seed data set in the moduli space 9, defined
below in (3.4), will satisfy (3.2).

Proof of Lemma 3.2. Let ¢ > 0 and suppose D[S] < e. We will show that o < 0 on Coy for € suffi-
ciently small, which is then propagated to the rest of Quax by the inequality 9, (2722) < 0 obtained from
Raychaudhuri’s equation (2.14). We make the bootstrap assumption

$<1-pn<2 (3.3)
on {0} x [0, 0], which is clearly satisfied for e and 9 sufficiently small. Since X = 1 on Cyy, 7(0,9) = A+

and )
105w (0,9)] = |3(1 — 1)(0,0)(A + 9)*(Fpou)?| S *(1+10) >

by (2.20) and (3.3). Therefore, | (0,9) — My| < € for every © € [0, 9], which easily allows us to propagate
(3.3) and therefore (3.3) holds on Coy. It now follows easily from the relation 92 = —4\i/(1— p) that & < 0
on Coyut- O
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We denote by Sy seed data sets on C for which wo = My. These constitute a ccodimension-one affine
subspace, denoted by 9, of the vector space of seed data. Given such an Sy = (¢, A, My, e) € My and
a € R, we define the modulated seed data set

SO(a) = ((57 Aa MO + Q, 6).
For € > 0, we then define
‘C(San) = {So(Ol) ac [7267 26]}7
which is a line segment in the vector space of seed data.

Definition 3.4. Let My > 0. The moduli space of seed data centered on mass My is the set

M = U L(So, €10¢), (3.4)
Soeimo:’D[So]Seloc

where €1 is the small parameter from Lemma 3.2. For 0 < ¢ < g)¢, we define the moduli space with
smallness parameter € by
M(e) = U L(Sy, ). (3.5)
SDEWIO:Q[SO]SE

We endow 9 and 9i(e) with the metric space topology associated to the norm D.

3.2 The geometric setup for the statement of stability

In this section, we explain several geometric constructions that will be required to state the precise version of
our main theorem below and will be crucial to the proof. In order to explain these constructions, we will be
required to make several assumptions, which we will later formalize as bootstrap assumptions in Section 4.1
below. Refer to Fig. 8 for a diagram explaining our gauge choice and notation explained in this section and
the following.

Let S € M(e) with 0 < & < g1 and denote the maximal development of S by (anax,r, 02 ¢,e). Since
we are aiming to converge to an extremal Reissner—Nordstrom black hole with charge e (note that this
parameter is conserved in the neutral scalar field model), we define the target mass parameter

M = |e|.

We define the set
r={r=A}

This is clearly a timelike curve near C for e sufficiently small and we will verify in the course of the proof of
the main theorem that I' is an intextendible timelike curve in inax. Assuming for the moment that this is
the case, we may parametrize I' by its proper time 7, which we normalize to start at 1 at I' N C. We write
the components of I' as I'(7) = (I'*(7),T'?(7)) in the (&, ) coordinates on Q.

For 74 € [1,00) such that [1,7/] lies in the domain of definition I, we define

Dy, = [0,0%(ry)] % [0,T°(7y)].

Assuming that 4 < 0 on the final ingoing cone in D, ,and & > 0 on rnD, +» we may define strictly increasing
functions u,, : [0,T%(7f)] - R and v : [0,T'?(75)] — R by

ur, (@) = - / 5@, T () dt (3.6)

o() = / TR (@), ) diY, (3.7)

which then assemble into a map



Figure 8: A Penrose diagram showing the gauge conditions, null hypersurfaces, and energies in our bootstrap
domain D;,. The function 7 measures advanced time to the left of I and retarded time to the right of I".

which is a diffeomorphism onto its image. We denote the image of ®., by D,,, which comes equipped with
the double null coordinates (u,,,v) = &, (,?). Let i’Tf denote the inverse of ®,,. In the (u,,,v) coordinate
system, the solution (r,Q2, ¢, ¢) is given by (rTf,ng,(be,e), where 7., =ro0 <i>7f, ¢r, = o CiJTf, and

1 1 o,

02 = 2od
Tf ’ —1 ¢/ —1
Uz, Olry b ov

Tf*

In the (u,,,v) coordinate system, we write the coordinates of I' as I'(7) = (I'*77 (7),I""(7)). We will frequently
omit the subscript 7¢ on u,; and (r,,, ng,qSTf,e) when it is clear that 7; has been fixed.
By a slight abuse of notation, we define a continuous function 7 on D, implicitly by

(wy, )= { T ) =y e, v) 2 A (3.9)
T(Urp,0) = : . .
! T:I (1) =w if r(ur,,v) <A

The function 7 measures (approximately) Bondi time in the region near null infinity and (approximately)
Eddington—Finkelstein time near the event horizon. This will be made precise in Lemma 5.6 below.
We define four classes of null hypersurfaces in D, :

7 = ({u} % [0,T° (1)) N {r > A}, C = (0,1 ()] x {0}) N {r < A},
HY = ({u) x [0,T°()]) N {r < A}, Hi = (0.7 ()] x {0}) 1 {r > A},

We shall often suppress the dependence of these hypersurfaces on 7¢. It is also convenient to write

T, = Tf T _ATf
C™ (r) = C’Fuff ") and C7 (1) = Qrv(T)'
For the seed data sets we will ultimately consider, I' exists and remains timelike for all 7 € [1,00). We

then define a number
Gy = lim T%(7). (3.10)
T—00
Since 7+ I'%(7) is monotone increasing, the existence of this limit is automatic and we will show the strict
inequality
g+ < U,

see already Lemma 8.9. We then set

Doo = [0, diggr ) X [0, 00).
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We will also show that there exists a surjective, strictly increasing C! function .. : [0, @i+ ) — [0, 00), such
that, if we use (us0,v) as coordinates on 7500, then 9, _r — —1 at null infinity Z*. We denote Deo by Do
under this change of coordinates.

Finally, our geometric estimates will imply that for any R € (M, 00), the set I'r = {r = R} is a timelike
curve in D,, for any 74 € [1,00] (or possibly empty). For any given v, the intersection (R x {v}) NT'g is
either empty or consists of a single point, which we then denote by (u(v),v). Likewise, for any given u, the
intersection ({u} x R) NT'g is either empty or consists of a single point, which we then denote by (u, v?(u)).

3.3 Anchored extremal Reissner—-Nordstrom solutions and definitions of the
energies

Let (r,92, ¢, e) be a spherically symmetric solution of the Einstein-Maxwell-scalar field system defined on a

coordinate rectangle D,, with gauge conditions as explained in Section 3.2.

First, assume 7 < oo. We define the 77-anchored background solution to be the extremal Reissner—

Nordstrom metric (Fff,Qf.f) with parameters M = |e| in Eddington-Finkelstein double null form (2.26)
which is uniquely determined by Lemma 2.2 according to

7 (D(7p)) = A
Given the anchored background solution we now adopt the following notation:
e Barred quantities such as S\Tf,@Tf = M, or R, = 1 correspond to those of (FTf,sz).
e Differences are denoted with a tilde, such as 7, = r,, — 77, @;, = w@;, — M, Or Y7, =77, + 1.

In the proof of Theorem I, we will send 7y — oo and thus need to extend this definition to the case when
T¢ = oo. Instead of trying to anchor directly “at 74 = 00,” it is much easier to simply anchor the background
solution at T NC = {(0,0)}. Therefore, we define the oco-anchored background solution to be the unique

extremal Reissner—Nordstrém metric (7o, Q%) with parameters M = |e| in Eddington-Finkelstein double
null form (2.26) with the property that

Too(0,0) =7, = lim 7..(0,0),

T§—>00

see already Fig. 9. We will show below in Proposition 8.13 that this limit actually exists. We will also show
that this background solution is anchored “at 7y = c0” in the sense that

lim 7o (I'(74)) = A,

Tf—>00

see already (8.17).
We may now define the fundamental weighted energy norms for the scalar field. Some of the norms will
depend explicitly on the background solution 7, in a nontrivial manner.

Definition 3.5. Let (rTf,sz,¢Tf,e) be defined on D, with teleologically normalized coordinates (ur,,v),
where 7¢ € [1,00]. Let 7, be the associated 7¢-anchored background solution. Let

w‘rf i 717—f ¢Tf
denote the radiation field of ¢, .. For 7,7" € [1,7¢], p € [0,3), and (u,v) € D;,, we define:

1. The (¥ — M)? P-weighted flux to the horizon:

auf qsz 2 aur (ZST 2 177' 3’
[ (- appe | Cratonl | Ol P Y e pe o
Ty . C7f(7) —Vry —Vry (T"'f — M)p
£ (r) = (O V)2 (D br,)? '
/ (7, — M) s n i — 7, o2 du, for p € [1,3)
Tt (7) vy Yy '
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2. The rP-weighted flux to null infinity:
2 +2 2 2
) er - (Tﬁf (81)wa) + rqzzf (61)¢Tf) + Tﬁf Tf) dv for pE [07 1)

&' (1) = / 2., .2 2., 42 '
/ o (rﬁf((?vz/}Tf) + 17, (Ovdr,) +¢Tf)dv for p € [1,3)
C7f (1 ’ ’
3. The energy flux along outgoing cones in the near region:
F (u,7') = / ((Oudr,)* + Ary62,) do.
H,Nn{r>7"}
4. The energy flux along ingoing cones in the far region:

F (v, ') = / (2 (B, b7y)? + 67, ) dur,.
ﬁvm{TZT/}

3.4 Detailed statements of the main theorems

We can now state our main theorems using the notation and definitions from Sections 3.1 to 3.3.

3.4.1 Nonlinear stability

Theorem 1 (Stability of extremal Reissner-Nordstrom in spherical symmetry). Let My > 0, ¢g € R with
leo| = Mo, and let § be an arbitrary parameter satisfying

1
—_ 11
0<0< 15 (3.11)

There exists a number gstan, (Mo, ) > 0, a set Mgap C M, and a constant C(My, ) (which is implicit in the
notation < below) with the following properties:

1. Mytap is “codimension-one” inside of M(e): For every 0 < € < egap, and So € My with D[Sy < e, it
holds that

Mtar, N L(So, ) # 0. (3.12)

2. Ezistence of a black hole region: Let (Qmax,r, 02, ¢,e) be the mazimal development of a seed data set

in the intersection (3.12). Then Omax = [0,U,] x [0,00). There exists a i+ € (0,U.,) such that
r(G,0) = 00 as 0 — oo for every for every 4 € [0,Uy+) and r(Gy+,0) — |e| as 0 — oo. Therefore,
[0,73+) x {0 = oo} may be regarded as future null infinity I, there exists a nonempty black hole
region

BH = Omax \ I~ (1) = [t3g+, Us] x [0, 00),

and

HE = 0T (TF) = {tg+} % [0, 00)

is the event horizon. Moreover, future null infinity is complete in the sense of Christodoulou [Chr99].
There exist C* double null coordinates (us,v) on the domain of outer communication [0, g+ ) % [0, 00)
such that us, is Bondi normalized, i.e., the event horizon HT can be formally regarded as {us = o0}
and 0, r — —1 along any outgoing cone in the domain of outer communication.

3. Orbital stability: There exists an co-anchored extremal Reissner—Nordstrom solution Too in the (teo, V)
coordinates whose parameters satisfy

|[M — My| + |e — eo] S e. (3.13)
Relative to this background solution, the p = 3 — § energy of the scalar field is bounded by its initial
value,
S[Lllp : (E325(7) +E525(7)) S E€325(1) + E525(1), (3.14)
TE|l,00
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no trapped surfaces

:’F*

Figure 9: A Penrose diagram depicting the maximal development of seed data lying in Miap.-

and the scalar field is pointwise bounded in C' in the domain of outer communication in terms of its
initial values,

Oy Oq
sup Qm++ﬂ%wwwﬂ%m+ ?—ﬁr ?)
I (T+) -0 -0
Oq Oy
< sup <|r¢|+|r2am+|r28m|+ 7:”+‘r iz’>- (3.15)
J—(Z+)n¢ -V i

The right-hand side of (3.14) is < &2 and the right-hand side of (3.15) is < e.

. Asymptotic stability: The geometry decays towards the co-anchored extremal Reissner—Nordstrom so-
lution in the following sense:

Voo + 1| < 27177340 (3.16)
holds on Doo N {r > A},
Voo _ 1‘ S e2pmiHe (3.17)
Voo

holds on Dy, and
I = Tool S22 Ao = Aoo| S 27720 koo — 1| S 2710 | — M| <2030 (3.18)
hold on Du, up to and including the event horizon H'. The scalar field decays to zero in energy norm,
EX(T)+E°(T) S g2r—3+otp (3.19)
for every T € [1,00) and p € [0,3 — 0] and its amplitude decays to zero pointwise,
(Foo = M)M26| S er=24002, || S 714912 (3.20)
on Do, up to and including the event horizon HT.

. Absence of trapped surfaces: On the spacetime (Qmax,r, Qz), it holds that U < 0, i.e., there exist no
antitrapped spheres of symmetry. Moreover, we have the following dichotomy:

(a) A >0 on Omax, i-e., there exist no (strictly) trapped symmetry spheres.

(b) If Mg, vo) = 0 for some (i, %) € Omax, then ig = ty+ and ¢(tigy+,0) =0 for all v € [vy, 00).

Remark 3.6. By [KU22, Proposition B.1|, Omax x S? with the (3 + 1)-dimensional metric (2.1) does not
contain any trapped surfaces (i.e., without restriction to spherical symmetry).
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The proof of Theorem 1 is given in Section 8 and we will now briefly indicate to the reader where the
various parts are shown. The set M1, is defined in Section 8.1.3, where the codimension-one property (3.12)
is also proved. Part 2. is proved in Proposition 8.16, while the eschatological gauge (us0,v) is constructed
in Section 8.2.1. The culmination of the proofs of Points 3.—5. is given in Section 8.3.5. Points 3. and 4. rely
in particular on estimates proved in Sections 5 to 7.

3.4.2 The Aretakis instability
Let

denote the gauge-invariant null derivative which is transverse to the event horizon HT, analogous to &, in
ingoing Eddington-Finkelstein coordinates (v,r) in Reissner-Nordstrém (recall Section 2.2).

Theorem 2 (The Aretakis instability for dynamical extremal horizons). Let Miap denote the subset of the
moduli space M given by Theorem 1 consisting of seed data asymptotically converging to extremal Reissner—
Nordstrém in evolution. Then the following holds:

i) For any solution (Qmax,r, 02, ¢, e) arising from S € Miap, the “asymptotic Aretakis charge”
Hofg] = Jim Yol
exists and it holds that
Y plas (9) — Holg]| S e*(1+0)7'°, (3.21)
|Ryy a0+ (8) — 2M 2 (Ho[¢])?| S €2(1 + )~ 1+0/2, (3.22)
where € > D[S].

it) The set
M7, = {S € My,  Hol0] # 0}

has nonempty interior as a subset of Msiap-

iti) For any solution arising from data lying in M7 it holds that

stab’

|Y2(re)| 3+ (0 )\>|Ho[ 119,
2 (Hol¢])* (3.24)

|Vy Ryy |3+ (9)
for v > 1+ |eHg[g] =1/ (=9,

The proof of this theorem is given in Section 9.1.

Remark 3.7. In this work, we do not prove pointwise decay of 0,¢ as it is not required to close our energy
estimates. Assuming the decay rate 9,¢|+ = O(v~2) as in the uncoupled case, we would have the following:
Relative to the null frame {eq, ez, e3,e4} with ey = dg, e2 = dp, e3 = Y, and eq = #719; (so that e3
and ey are gauge invariant and g(es,es) = —4), the only components of the Riemann tensor that do not
necessarily converge to those of extremal Reissner-Nordstrém along HT are Risis, Ra323, and appropriate
permutations of indices (i.e., @ computed relative to the Riemann tensor). The only components of the
covariant derivative of the Riemann tensor that are allowed to not decay or grow are V3Ri313, V3Ra323,
and appropriate permutations of indices. At higher orders of differentiation, other components should also
display non-decay and growth properties.

Remark 3.8. Using the Einstein equations, (3.21), and (3.23), one can also prove

|V log k|g+ (v) — M2 (Ho )2{ < 1+ v)T1H/2 (3.25)
IY logﬁlw )| Z v, (3.26)

where we have interpreted x as being written in the “mixed” coordinate system (&, v) which still extends
smoothly to HT. In this coordinate system, we have that [logx| < (1 +v)~'*% up to H* by (3.18), so
(3.25) and (3.26) represent yet another aspect of the extremal horizon instability.
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4 Setup for the proof of stability

In this section, we set up the proof of Theorem 1 and discuss the logic of the proof. In Section 4.1, we state
the bootstrap assumptions for the proof of Theorem 1, which also involves defining a sequence of sets used
in our codimension-one modulation argument. In Section 4.2, we show that the bootstrap set is nonempty
by virtue of the local existence theory. Finally, in Section 4.3, we state two propositions that encode the
main analytic content of the proof of Theorem 1—improvability of the bootstrap assumptions.

4.1 The bootstrap and modulation parameter sets

We define in this section two sets of parameters: a bootstrap set ‘B containing the 7;’s for which we assume
the solution exists on D, and satisfies certain properties, and a sequence of compact intervals

Ao DAL DA D - -

of o parameters which are used in the modulation argument to hit extremality.
We first set
Ao = [le| — |eo| — %2, |e] — |eo| + £%/2], (4.1)

but the sets 2A; for ¢ > 1 will only be properly defined in the course of the proof of Theorem 1; see
already Section 8.1.2.° We now briefly indicate their construction to make the purpose of the bootstrap
assumption 1. below clear. We define continuous functions

IL A, = R
a— w(l(L;)) — M =w(T(L)), (4.2)
where L; = 2?, which will be assumed to satisfy the fundamental estimate

sup ;| < e3/2L73%9, (4.3)

Of course, II; is only defined if the solution corresponding to Sp(«a) for a € 2; exists until the time 7 = L;.
Assuming that this is the case, we will then inductively define

e +
i1 = [ogy 1, 004], (4.4)
where ozii_‘_l € int(2l;) are chosen according to a simple algorithm ensuring that the improved estimate

3/2 1 —34+0
sup [Il;41] < ¢ / L7
Asr1

holds; see already Lemma 8.4.
It is convenient to define the function I(74) = |log, 7], i.e., the largest integer such that 2/(77) < 7.

Definition 4.1. Let A > 1, 0 < € < €)¢, and Sy € My with D[Sy] < e. Then B(Sp, e, A) denotes the set of
7 € [1,00) such that:

1. For every i € {0,1,...,1(rf)}, there exist numbers o= € [le| — |eo| — £3/2, |e| — |eo| + £%/2], which may
depend on Sy and ¢, but are independent of A and 77, with a; < af and ag[ = le| — |eg| + £3/2, such
that the nesting condition ;41 C 2; holds, where 2; = [a;, a;"].
Given a € RAj(;,, let (Qmax,r, QQ,(;S, e) denote the maximal development of the modulated seed data

Sp(a) in the initial data gauge (i, ?) determined by Proposition 2.8 and Lemma 3.2.

9This is because the sets 2; for i > 1 are defined teleologically, i.e., they cannot be directly read off from the initial data.
Their existence can only be inferred in the context of our continuity argument, in particular, the argument requires proving
quantitative decay rates for @0 = w — M.
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2. For every a € 2j(;,), there exists a timelike curve I : 1,74 = Qmax, which is the unique smooth

solution of the ODE
i(l—\ﬁr'ﬂ): Vl_:u Vl_/’[’
dr ’ —20 7 9\

)

r'(r)

with initial condition T'(1) = (0, 0).
By global hyperbolicity of Qmax, point 2. implies that for every a € Az(;,),
Dry = [0.1%(77)) % [0,T7(74)] © Qo
3. For every i € {0,1,...,I(7¢)}, the map II; (recall (4.2)) is defined on 2,
IL; - 2 — [—63/2L;3+5,€3/2L;3+6]
is surjective, and IT;(ai) = 43/2L73+°,

4. For every a € 2y, 4 is strictly negative on [0,%(7s)] x {T"®(74)} and & is strictly positive on T
Therefore, the teleologically normalized coordinates (u,,,v) are defined on D. »

On D, let (-, Q2 ,) be the 7-anchored extremal Reissner-Nordstrém solution as defined in Section 3.3.

5. For every a € y(;;), the following bootstrap assumptions for the geometry hold on Dy, :

@ — 1‘ < A3B/2p 10 (4.5)
Ur,
eyl < A263/27 7240, (16)

|Gy, | < Ae3/2p =340,

6. For every o € (), the following bootstrap assumptions for the scalar field hold:

E) (1) < Agty3totp, (4.8)
E (1) < Ag?r—3+o+p (4.9)
FTi (u,7) < A?773%9, (4.10)
F(v,7) < Ae?773%9 (4.11)

for every 7 € [1,74], (u,v) € D, and p € [0,3 — d].

4.2 Nonemptiness of the bootstrap set
We begin the continuity argument with the following simple consequence of the local existence theory:

Proposition 4.2. For any A > 1 and ¢ sufficiently small,
{SO(O() RS mo} C E(So,f:‘) (4.12)
and B(Sp, e, A) is nonempty.

Proof. Observe that |a| < |e — eg| + £3/2 < 2¢ for a € Ay and £ < 1 by the definition of ®, which verifies
(4.12). Points 1. and 3. of Definition 4.1 are trivial for 7; € [1,2). By local well-posedness and continuous
dependence on initial data, every element of Sp(a) extends to a neighborhood of the initial data hypersurface
C which is uniform near (0,0). Since the solution is close to Reissner-Nordstréom in this small region by
Cauchy stability, the bootstrap assumptions 2. and 4.—6. are automatically satisfied for A sufficiently large, ¢
sufficiently small, and |7y — 1| sufficiently small. Therefore, 7; € B(Sp, ¢, A) for |7y —1]| sufficiently small. [

31



4.3 Improving the bootstrap assumptions—the main estimates

The main analytic content of the proof of Theorem 1 consists of the following two propositions, which will
be used to show that the bootstrap set is open.

Proposition 4.3 (Improving the bootstrap assumptions for the geometry). There exist positive constants
Ao and g depending only on My and &, such that if A= Ao, € < e, 75 € B(So,¢,A4), and a € ™Ay(7,), then
the estimates

Vr, _
‘ij — 1‘ < LA3SB2pTIH0 (4.13)
Tf
|7y | < 5 A3 2772H0, (4.14)
|G, < $A3/ 277310 (4.15)

hold on D.,.
This proposition is proved in Section 5.3.4.

Proposition 4.4 (Improving the bootstrap assumptions for the scalar field). There exist positive constants
Ao and g depending only on My and &, such that if A= Ao, € < o, 75 € B(So,¢,A4), and o € ™Ay(,), then
the estimates

& (r) < %AgQT*SHH’,
) < %A527_73+5+p,
Fi(u,T) < %AEQT_?)-H;,
)

< %AEQT_?’-HS
hold for every T € [1,74], (u,v) € Dr;, and p € [0,3 — 6].

This proposition is proved in Section 7.1 and relies on energy estimates proved in Section 6.

Remark 4.5. The modulation argument for w, i.e., the construction of the sets 2l;, takes place in Section 8.1.2
when we show that B(So, ¢, A) is closed. It relies crucially on an estimate for @, that will be proved in the
course of the proof of Proposition 4.3. See already Lemma 5.14.

5 Estimates for the geometry

In this section, we prove estimates for the geometry in a bootstrap domain D,,. In Section 5.2, we estimate
Frss Yrp, Frp, the behavior of I and 7, and provide the fundamental Taylor expansions for S\Tf and Ur,. In
Section 5.3, we estimate 7., v, / Urs, and @,,. We improve the bootstrap assumptions for the geometry
(Proposition 4.3) in Section 5.3.4.

5.1 Conventions for Sections 5 to 7

In this section, Section 6, and Section 7, we will fix 74 and essentially exclusively work in the teleological
coordinate system (u,,,v). Therefore, for ease of reading, we will omit the subscript 7 on u.,, the solution
(TTf,QE f,(be,e), the background extremal Reissner-Nordstrém solution 7, and the energies. In order to
keep track of the constant A appearing in the bootstrap assumptions (4.5)—(4.11), the notations a < b, a 2 b,
and a ~ b mean that the estimate does not depend on u, v, a, A, €, 7, or 7;. We will omit the decoration
(So, €, A) on the bootstrap set B(Sp, e, A). We will also often absorb powers of the bootstrap constant A by
sacrificing a little bit of ¢ without comment, for example, Ae3/2 < ¢ for ¢ sufficiently small. Note that A will
be fixed at the end of Section 7.1 depending only on My and §.
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5.2 Initial estimates
5.2.1 Basic consequences of the bootstrap assumptions

Lemma 5.1. For any A > 1, € sufficiently small, 7y € B, and o € Ay(7,y, it holds that

M <w < 2M, (5.1)
v
3 < 752 (5.2)
A>0 (5.3)
n DTf and
1_/142 %7 ( )
A>3,
—2<v< -3,

in Dy, N {r > A}.
Proof. The bounds (5.1) follow directly from (4.15). For (5.4) we notice that

For (5.5) we first observe that the monotonicity of (2.21) implies that x > 1 in D;, N {r > A}. Therefore,
A= k(1 —p) > 5 implies (5.5). By monotonicity of Raychaudhuri’s equation (2.15), A > 0 throughout D-,.
Finally, to show (5.6) we note that 7 = —(1 — i) and thus —1 < # < =3 in D, N {r > A} using (4.6). The
estimate (5.6) follows then from (4.5). O
5.2.2 Estimates for k¥ and ¥
We now use the bootstrap assumptions for the energy decay of ¢ to derive bounds for £ and 7.
Lemma 5.2. For any A > 1, € sufficiently small, 7y € B, and a € Uy(r,), it holds that
|| < Ag?r—1H9,
(F — M)|r| S Ae®r 2+,
(F— M)*|R| S Ae>r 3+
in Dy, N{r <A} and
7| S Ag?r 7t (5.10)
in Dy, N{r > A}.
Proof. ESTIMATE FOR 7(u,v) < A: From (2.21) and x = 5 4+ 1 we have

D7 — r(k+1)

(0ud)*.

Integrating to the future from I', where & = 0 by our gauge choice, and multiplying by (¥ — M)?~P for
p € {0,1,2} gives

(0ud)?du,

(= M)l < e [ B

Con{u'<u} TV

rowfans [ o anr

Con{u'<u} —v

where we used that v ~ 7 by (4.5) and that 7 < 0 on Dy in order to move the factor (7 — M)?~P inside the
integral. Applying Gronwall’s lemma then gives

(7 = M)*7P|R(u, 0)| S Ep(7) exp (Ea()) S AePr—2H042,
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from which (5.7)—(5.9) follow.
ESTIMATE FOR r(u,v) > A: We integrate (2.21) backwards from I' using an integrating factor and the
gauge condition to obtain

—U v

log % (u, v) :/Im{wzu}r (8“(/))2 (5) (=) du’ < Flv,7(u,v)), (5.11)

using (4.5). The estimate (5.10) follows now from (4.11). O

Note that the estimates (5.7) and (5.10) imply that

1<k<2, (5.12
A<2 (5.13)
in D,.
Lemma 5.3. For any A > 1, € sufficiently small, 7¢ € B, and o € Ay(7,y, it holds that
3] S Ae®r et (5.14)
9] S AePr=3/2775/240 (5.15)

in Dy, N{r > A}.
Proof. From (2.22) and v =4 — 1 we have

G- 1)

Oy = \

(009)>.

Integrating from Crv(,,) and multiplying by r'*? for p € {0,1/2} gives for (u,v) € Dy, N {r > A} that

1 ¥+ 1
s <o [ G g gpars [ el g gzar,

CynN{v<v’} Cyn{v<v’}

where we used (5.5) to move the r weight into the integral. Applying Gronwall’s inequality as before and
noting that A ~ 1 gives
175 (u, 0)| S Ep(7) exp (Eo(T))

for p € {0,1/2}. This shows (5.14) and (5.15) using bootstrap assumption (4.8). O

Remark 5.4. The estimate (5.15), with its integrable 7-weight and integrable r-weight, is important in
controlling the gauge ®,, as 7y — co. See already Section 8.2.2.

5.2.3 Properties of I" and 7

In this section, we derive some basic properties of the timelike curve I' = {r = A} and the associated function
7(u,v) defined by (3.9). Recall that 7 was also used to denote the proper time parametrization of I', defined
via the condition

g(I, 1) = —1, (5.16)

where " is used to denote %. We write the components of I' with this parametrization in the teleological

coordinate chart (u,v) as I'*(7) and I'V(7).

Lemma 5.5. For any A > 1, ¢ sufficiently small, 7y € B, and o € Ay it holds that

Tf)s

(1) ~TY(7) ~ 1 (5.17)

for e [1,7y].
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Proof. Since r is constant along I, we have.ul."“ + A" = 0 on I. By the gauge condition A = k(1 — p)|p =
1 — u|r ~ 1 and (5.6), it follows that I ~ I'"". The proper time condition (5.16) can be written as

41/)\ FU’FU _ _17
L—p
which implies that T'“I'"” ~ 1 by (5.4). Now (5.17) easily follows. O

The following lemma relates the “time function” 7 (which was defined in (3.9)) to (approximate) Bondi
time u in the far region and (approximate) ingoing Eddington—Finkelstein time v in the near-horizon region.

Lemma 5.6. For any A > 1, ¢ sufficiently small, 7y € B, and o € Ay it holds that

Tf)7
7(u1,v) = 7(u2,v) ~ur — uz (5.18)
for (u1,v), (ug,v) € Dy, N{r > A} and

7(u,v1) = T(u,v2) ~ V1 — Vg (5.19)

for (u,v1), (u,v2) € Dy, N{r < A}. Moreover, for anyn > 1 and 1 <7y < 15 < 7y, it holds that

/ T du <,y T (5.20)
ﬁvm{TISTSTQ}
/ Ty <, (5.21)
H,n{m<t<72}
Proof. This is immediate from (5.17), the fundamental theorem of calculus, and the change of variables
formula. O

Next, we show that the v and © coordinates are comparable.

Lemma 5.7. For 7y € B, a € Ay(7), € sufficiently small depending on A, and 01,02 € [07I”3(Tf)], 1t holds
that
D(f}g) — D(f}l) ~ Uy — V7. (522)

Moreover, on @Tf it holds that
Ko~ 1. (5.23)

Proof. Recall the definition of the map ¢ + v(9) in (3.7). The derivative of the inverse map v — v~1(v) is
given by A(0,v), so (5.22) follows from (5.5), (5.13), and the fundamental theorem of calculus, and (5.23)
follows from the identity

and (5.12). O

5.2.4 Taylor expansions of 1/:/,u, OuT, and 9,7

We now derive Taylor expansions for m, 0y7, and 0,7 in terms of tilde quantities. The precise form of
the terms linear in 7 will be crucial for arguments later in the paper.

it holds that

Lemma 5.8. For any A > 1, € sufficiently small, 7y € B, and o € Ap(7,),
— _2M _ I i
IT— | < A%e3/277246 (5.25)
n Dr,.
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Proof. Using (4.6), we immediately derive the Taylor expansion

1 1 nr |7|?
o = et T On (fﬁ“ (5.26)
for any n > 0. Using this, we then compute

— 2 2M 2 2 2T 1 1 1 1
1_M:_w++e_e:_w_2M<_>+ez<_)

2 2 2

T r T T r ror T T
2% 2MF F2\ 26 Gk 25 oM, i GE
:_T"‘ F2 +O<’I“3 _’FT‘FO ’F4 :—7+F(T—M)T+O ’F73 s
which gives (5.24). We then immediately obtain (5.25) from the bootstrap assumptions. O
Lemma 5.9. For any A > 1, € sufficiently small, 7y € B, and a € Aj(;,), we have the expansions
_ 2M~ ,_ - )
OuT = = (F— M)+ E, inDr N{r=>A} (5.27)
_ 2Mk ,_ _ )
0,7 = = (= M)F+ E, in Dy, (5.28)

where the error terms satisfy the estimates

|Bu| S APPF 1730, (5.29)
|E,| < Aed/2773+9, (5.30)

Proof. EXPANSION FOR 3J,7: We compute

F g . . —~— MN\? | [2M _ P2 |e
O = i = (11— p)—3(T=F) = 5T =)+ =) =7 (1 - ) T {(r—Mmo (' ; ")} |
which implies (5.27) with error term estimated by

~ 2 ~
< ﬂ + @ + 3 < Ae3/2F—1 =349

by the bootstrap assumptions and (5.14).
EXPANSION FOR 9,7: We compute

5 — r— M)? 2M A2 &
&,f:)\:n(l—u)—ﬁ(l—u):Fg(l—u)—&—n(l—u):wr_iz)%—&-n 7_3(T—M)f+0<;3+|z:|) :
(5.31)
which implies (5.28) with error term estimated by
=12 ~ = 2
L M
~ors T 72 ~
by the bootstrap assumptions and (5.9). O
Lemma 5.10. For any A > 1, ¢ sufficiently small, 7y € B, and o € Ay (,,), it holds that
|| < Ae3/2p=277340 4 A2:3/2p=37-246 (5.32)

in Dr,.

Proof. This follows directly from the definition of 5, (2.7), and the bootstrap assumptions (4.6) and (4.7). O
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5.3 Improving the bootstrap assumptions for the geometry
5.3.1 Estimates for 7

In the following lemma, we estimate 7 in three stages: Along I', we estimate 7 by using the estimates (5.10)
and (5.14) for & and 7, for r < A we use the equation (5.28), which is redshifted backwards in v (see already
Remark 5.12), and for » > A we use the equation (5.27).

Lemma 5.11. For any A > 1, € sufficiently small, 7y € B, and o € Ay(7,), it holds that
|7 < AP/2r 240, (5.33)
IA| < AeB/27—2+0 (5.34)
in Dr,.
Proof. ESTIMATE ALONG I': Using the relation vI'* + A"V = 0 along I, we compute
di‘if(r(T)) R T\ Gy - p) ™ — (T=p) <Z - 1) T,
Using (5.10) and (5.14), we estimate

x| =
|
=2 [
A
s
o
no
\]
&
+
=%

along I' and therefore conclude
|7lr| < Ag?r2H0 (5.35)

by the fundamental theorem of calculus and the anchoring condition 7#(I'(7¢)) = 0.
ESTIMATE FOR 7 < A: We view (5.28) as an ODE for 7 in v. For (u,v), (u,vs) € Dy, N {r < A} we use
an integrating factor to write

Y2 29M vz V2 M
7(u,v) = exp (—/ 773"{(77 - M) dv’) [f(u, va) —/ exp (/ fgm(f - M) dv”) E, dv’}

v 9nf v2 v oM
= exp (—/ FSR(F - M) dv’) 7(u, va) —/ exp (—/ F3H(F - M) dv") E,dv. (5.36)

For (u,v) € D, N{r < A}, let v = v™(u). Then (5.36), (5.35), (5.30), and (5.21) imply

|7 (u,v)| < A 720 (u, v) + Ae3/277 20 (y, v) (5.37)

after observing that the integrating factor is nonnegative and hence the exponentials are bounded by 1.
ESTIMATE FOR r > A: We view (5.27) as an ODE for 7 in u. For (u,v), (u2,v) € Dy, N {r > A} we use
an integrating factor to write

7(u,v) = exp (— /u " 2%7 (7 — M) du’) {f(uz,v) - /u ¥ exp ( /u MY g du”) E. du’} . (5.38)

’ 7:3

For (u,v) € D-, N{r > A} let up = u*(v). By (5.6), the integrating factor is bounded:

v QM (—
/ M) G arydut < / 2 < 1. (5.39)
u r H,
It then follows from (5.38), (5.35), (5.29), and (5.20) that
7 (u,v)| < A2772F (u, v) 4+ A3/ 277240 (y, v). (5.40)
The estimates (5.35), (5.37), and (5.40) give (5.33) as desired.
Finally, (5.34) now follows from (5.28) and (5.30). O

Remark 5.12. The good sign of the integrating factor in (5.36) is due to the global redshift effect present on
extremal Reissner—Nordstrom. To exploit this, it was crucial that we integrated the ODE (5.28) backwards
in v. Indeed, integrating (5.28) forwards in time results in a bad global blueshift, despite the absence of the
horizon redshift effect! Compare with [LO19b, Lemma 8.19].
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5.3.2 Estimates for v/v
Lemma 5.13. For any A > 1, ¢ sufficiently small, 7y € B, and o € Ay (), it holds that

’z - 1‘ < A28/ (5.41)
v
on DTf,
Proof. ESTIMATE FOR 1 > A: We obtain directly from (5.27) and the bootstrap assumptions that
0| S 727 + Ae®/2r 1 =340 < A28 25 1y 2Hs, (5.42)

which implies (5.41) for » > A after dividing by || ~ 1.
ESTIMATE FOR r < A: From the wave equation (2.17) we obtain

dylog (g) ] = 2|ize| = 2|k3| + 2|Rz| S A23/27 7240 4 (7 — M)|R| S A2e3/27 7240 (5.43)
by (5.32) and (5.8). By (5.42), we have
’10g (i)] ‘ < |plp| S A2e¥/27240
v/lr
so integrating (5.43) backwards from I' shows (5.41). O

5.3.3 Estimates for @

Recall the dyadic index I(7y) which was defined to be the largest integer such that Lj(;,) = 21(7s) < Tf.
Using the energy decay bootstrap assumptions for ¢, we now show that w remains close to its value at
[(Li(7))- Note that the power of € in (5.44) below is strictly better than in the bootstrap assumption (4.7).
This is fundamental for our modulation argument, see already Section 8.1.2 below.

Lemma 5.14. For any A > 1, € sufficiently small, 7y € B, and o € Ay(7,), it holds that
& — ()| S A?r73H0 (5.44)
on Dy, where I,y = @ (L(Li(-,)))-
Proof. ESTIMATE FOR u = F"(LI(Tf)): We write I = I(7y) for short. By (2.20) and (5.12), we have
10(@ — 11())| S r*(000)*. (5.45)
Integrating this estimate forwards in v, we obtain from the bootstrap assumptions
& — () |(T(L1),v) S Eo(Lr) S ASLPH < AP 20 (5.46)

for every v > I'’(Ly). On the other hand, integrating (5.45) backwards in v, we obtain from the bootstrap
assumptions and (5.21)

| — 7 (a)|(T%(Lg),v) < F(TU(Lp), 7(T%(Ly,v)) < Aer(D¥(Ly),v)~3+° (5.47)

for every v < T"(Lj).
ESTIMATE FOR u < T'*(Lj(,)): By (2.19), the bootstrap assumptions, and (5.24), we estimate

ou@ 1) <200 (22) (oo 40 (22 o

<20T=h) <3_f)2 (=) + A2¥/2-2+ 7"rgM> (M )2 (=)

Ou
e

' 4

2
+ A2 =348, (3"“5) (—D). (5.48)

—v
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If v > TY(Ly), then r(u,v) > A and by integrating (5.48) and using (5.46) and the bootstrap assumptions
we have
| — Iy (a)|(u,v) < A€27‘f_3+6 + F(v,7(u,v)) < A7 (u,v) 7372, (5.49)

On the other hand, if v < TY(Lj), we consider first the case r(u,v) < A. Integrating (5.48) backwards
from (I'(Ly),v) and using (5.46) and the bootstrap assumptions, we have

& — Iy ()|(u,v) S A*r(T*(Lr),0) > + Eo(r(u, v))
+ A23 27 (u,v) 2L (1 (u, v)) + A3 21 (u, v) T3 HE (1 (u, v))
< Ae*r(T*(Ly), v) 730 4 Ae?r(u, v) 730 4 A357/27(u, v)_4+2‘5
< Ae?r(u,v) 730, (5.50)
as desired, where we note that 7(I'*(Ly),v) = 7(u,v). If instead r(u,v) > A, then the ingoing null cone
emanating from (u,v) will strike T' at the point (uy,v) = (u*(v),v). We first apply the estimate (5.50) at

(ux, V) to obtain
|0 — 7 (a)|(uys,v) < A7 (u,, v) 372,

Integrating (5.48) further backwards towards (u,v), we finally obtain
|oo — HI(Tf)(oz)\(u, v) S A7 (uy, 11)_34"5 + F(v, 7(u,v))
< A (uy, v) 730 4 A7 (u,v) 3
< A7 (u,v) 39,

as desired.
ESTIMATE FOR u > ['(Lj(;,)): This is similar to the case u < I'(Lj(;,)) and is left to the reader. [

Remark 5.15. It is clear from the proof that the estimate (5.44) also holds with I(7y) replaced by I(7s) —1
if I(ry) > 1. This observation will be used later in Section 8.1.2 when we perform the modulation argument
for w.

5.3.4 The proof of Proposition 4.3

We now put all of the estimates proved in this section together and improve the bootstrap assumptions for
the geometry, (4.5)—(4.7).

Proof of Proposition 4.3. To summarize: by Lemmas 5.11, 5.13, and 5.14, we have the estimates
|7 S A¥/2r =20,
‘Z -~ 1‘ < A2e3/2,-146

v
& — Myry) ()| S A>T

in D,,, where the implicit constant does not depend on A. Therefore, by choosing A sufficiently large, the
first two estimates imply

|7';‘ < %14253/27_—2—‘,-57
V1] < pareragies
7 =3
as desired. In order to improve the bootstrap assumption for 2o, we use the definition of the modulation sets
(4.1) and (4.3). Namely, since [I;(,,)| < 53/2[’1_(?;)67 we may estimate
@] < |& = Myrp) (@) + Myry) ()| S AT 4 327340 < (Ae!/? 4 1)/ 7510,
Therefore, by choosing A sufficiently large and e correspondingly sufficiently small, we have

|@| < %A63/2773+6

in D;, as desired. O
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6 Energy estimates for the scalar field

In this section, we derive the fundamental hierarchies of energy estimates for the scalar field which were
used to improve the estimates for the geometry in Section 5. In Section 6.1, we prove a basic degenerate
energy boundedness statement for ¢ which is analogous to the usual T-energy estimate on extremal Reissner—
Nordstrém. In Section 6.2, we prove Morawetz estimates for ¢, i.e., weighted spacetime L? bounds for ¢ and
its derivatives. In Section 6.3, we prove (¥ — M )?>~P-weighted energy estimates for 9,1 in the near-horizon
region, where ¢ = r¢. Finally, in Section 6.4 we prove rP-weighted energy estimates for 9, in the far region.

In this section, we adopt the notational conventions outlined in Section 5.1. We will also often use the
geometric bootstrap assumptions and their consequences, such as Lemma 5.1, without comment.

The energy estimates in this section (except for Lemma 6.2) will take place on a region R C D, defined
as follows: Let 74 € B, (u1,v1), (u2,v2) € [ NDy,, uh > ug, and vh > vy, where (ug,vs) is to the future of
(u1,v1) We then define

R = [u1,us] x [v1,v5] U [ug, uh] x [v1,v2]

and
Ran =RN{r <A}, Rea=RnN{r>A}L

The null segments constituting OR are numbered I-VI as depicted in Fig. 10 below. We define 71 to be the
value of 7 on TUII and 7 to be the value of 7 on IVU V.

(uz,v2)

4—(U1,’U1)

Figure 10: A Penrose diagram depicting the region R and the hypersurfaces I-VI used in the energy estimates
in this section.

6.1 The degenerate energy estimate

We begin with an energy boundedness statement (with a small, decaying nonlinear error term) for an energy
which degenerates quadratically in 0,¢ at 7 = M.

Proposition 6.1. For any A > 1, ¢ sufficiently small, 7 € B, a € A7), (u1,v1), (u2,v2) € TN Dy,
uhy > ug, and vh > vy, where (uz,ve) is to the future of (uy,v1), it holds that

—V

/111 (r?(0u9)? + ¢*) du + /N (r*(8,0)* + ¢%) dv + /v (( — M)? (8“?)2 - uqbQ) du

- /VI (r?(0u9)® + Ap?) dv / <(7~ - M>27(8zq;) - uqs?) du + /H (r?(0u0)° + ¢%) dv + 377472, (6.1)

I
where the hypersurfaces 1-V1 are as depicted in Fig. 10.

We prove this estimate by using the Kodama vector field [Kod80]

1l—p /1 1
K=——1|-0,—— 2
2 <)\av V6u> (6.2)
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to derive an energy identity on OR. On Reissner—Nordstrom, K is exactly the time-translation Killing vector
field. Of course, K is no longer Killing on a general spherically symmeytric solution of the Einstein—-Maxwell-
scalar field system, but it has the remarkable property that the current T SVF KV is divergence-free, where T
is the energy-momentum tensor of the scalar field (2.11). This property is expressed more plainly by the
identity (6.3) below. In Remark 6.3 below, we sketch a proof that avoids the use of K.

We will augment the energy identity arising from K with a “null Lagrangian” current [Chr00| generated
by a function o on D, which allows us to simultaneously estimate zeroth order fluxes of ¢. This current
is analogous to the two-form w used in [DHRT22; HMVR24] and can be thought of as encoding a Hardy
inequality on each face of IR without boundary terms.

Proof of Proposition 6.1. We apply the general multiplier identity (2.23) to the Kodama vector field (6.2)
and add the trivial identity 0,,0,(c¢?) — 0,0,(0¢?) = 0, where o is an arbitrary smooth function on D, ;5 to
obtain

B (K717%(000)? + 00(09%)) + 8y (=7 11(8u0)? — Du(09?)) = 0. (6.3)

Integrating this relation over the region R by parts, we obtain the energy identity

/m <(1 - (afd;)z - 3u(0¢2>) du + /W <7:(8v¢)2 + &;(U(;SQ)) dv
+/V (“ - W?% - 3u(0¢2)> du + /w (f(am)z + av(m?)) v
- /1 ((1 — p)r? (aiiﬁ B au(qu?)) du + /H (’:(3U¢)2 +3v(o¢2)> do. (6.4)

For a small constant > 0 to be determined, we set o = n(¥ — M).
If I, denotes the du integrand in (6.4), we then compute

L=t =y 2RO g 2P0

— npd* = 2n(F — M)$pdy¢.

For 7 sufficiently small, using (5.24) and Young’s inequality, we estimate

I, 57,2(1 - )( u¢) —|—A63/2 —2+6( M) ( ¢) + Ae 3/2 =345, 2( i?;)? —17¢2, (6.5)
I, > 21 ﬂ)(ii? A2 (g M)r% _ A€3/2T—3+5r2@ _ 5 (6.6)

on D;,. For the dv integrand I,,, we readily estimate
I, ~ 1%(0,0)* + A\¢* (6.7)

on D, for n sufficiently small.
Inserting the estimates (6.5)—(6.7) into (6.4), we obtain

/m (r2(8u9)? + ¢°) du + / (r*(900)* + ¢%) dv + / <(F - M)2@ - p¢2) d

v A\

r2 2 4 2o2?) do o 2(8u¢)2_172 ” r2 2 2\ do 3/2
+/VI( (0v0)* + Ao?) d 5/I<( M) - ¢>)d +/H( (000)? + ¢%) dv + A%/ B, (6.8)

where the error term E is given by

E= / —2+6 ( u¢) /IT—3+6 (ajﬁ)Q du—&—/vT_2+5(f—M) (aud?g du—&-/VT_:H"S (81?;)2 du

-V

Using the bootstrap assumption (4.9) with p = 1 and p = 2, we estimate

E 5 €3T1_4+26 + €3T2_4+267

which when inserted into (6.8) completes the proof of (6.1). O
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With essentially the same proof, we also have:

Lemma 6.2. For any A > 1, € sufficiently small, 7; € B, a € RISTERNY (uy,v1), (ug,v2) €T ND;,, where

(u2,v2) is to the future of (uy,vy), it holds that

v

/ (r*(0u0)* + ¢*) du + / (r*(0,8)* + \¢?) dv

S/i<(T_M)2@i(i)2_V¢2> du+/ﬁ(7"2(80¢)2+¢2) do + &

where the hypersurfaces i-iv are as depicted in Fig. 11.

(—(’U,Q, ’UQ)

<—(U1,’Ul)

2 (6.9)

Figure 11: A Penrose diagram depicting the hypersurfaces i-iv used in Lemma 6.2.

Remark 6.3. The Kodama vector field can be avoided by instead using

7;1 _1_'[1’ 1 _l
T— 5(81;"‘6“) — 2 (5\8'0 Vau>7

the time-translation Killing vector field of the comparison extremal Reissner-Nordstrom solution. In this
remark, we sketch how to use T to prove the estimate (6.1) (with —4 + 26 replaced by —4 + 36).

For T, the identity (2.23) yields
0u(r?(9u9)?) + 0, (r*(0u9)?) = —2r(v + A)0ugDy 0.

We now explain how to estimate the bulk error term

// 7|\ + 1|0y @|| 0y d| dudv.
R
ESTIMATE IN R<: Using the definitions, we have
_ v
A+v=>1-p) (/@*5) + (1 — )k,
which by (4.5), (5.9), and (5.25) implies
A+ | S A3 27101 — ) 4 A%/ 207240,

Using this estimate and Young’s inequality yields

// 7|A + 1]|8,0]|0,0| dudv < A3e3/? // ((F - M)? (Gu0)® _ ﬂ(avqs)?) dudv
R<a R<a

—U
1 A2e3/2 // 4426
RSA
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The first term can be absorbed by the Morawetz bulk (see already Proposition 6.4) and the second term can
be estimated using the bootstrap assumption (4.9),

A2€3/2 // 7_74+25( U¢) dudv < A2 3/2/ 74+25§2(T) dr S 53 /T2 7_75+35 dr 5 €3T1_4+35.
R<a T1 T1

ESTIMATE IN Rs>a: The estimate (6.10) implies |\ + v| < A%e%/2771%9 in Ro . Therefore, we may
estimate

// P+ 0|00 |90 | dudy < A3 // (0u6)? dudv + A3/ // PN (9, V2 dud,
R>A R<A R<A

where n > 0 is the parameter in the Morawetz estimate in Proposition 6.4. The first term can again be
absorbed into the Morawetz bulk and the second term can be estimated by using the bootstrap assumption
(4.8),

T2
A3e3/? // r1T1(0,¢)? dudv < A3€3/2/ 2280 (r) dr < €3T1_4+36,
R<a T1

which completes the proof.

6.2 Integrated local energy decay
In this section, we prove the following Morawetz estimate for the scalar field:

Proposition 6.4. Fiz n € (0,1). Then for any A > 1, ¢ sufficiently small, 7y € B, a € Up,),
(u1,v1), (ug,v2) € I'NDr,, uy > ug, and vy > vo, where (ug,v2) is to the future of (ui,v1), it holds
that

//R ((1 - ]\;>4 rt (&‘ff +r17(0,0)" + (1 - F) rfi) (—P)dudv
S /I<(f — MF% - ﬁ¢2> du + /H (r2(050)2 + ¢%) dv + 3772, (6.11)

The proof of this estimate will be given in Section 6.2.2 below after a series of lemmas.

6.2.1 Near-horizon Hardy inequalities I

In this section, we show how to control the zeroth order term on the left-hand side of (6.11) by other
quantities which will naturally appear later in Section 6.2.2. We begin with the following identity, which is
proved by directly expanding the term in square brackets and integrating by parts (see also Lemma 8.30 in
[LO19b]).

Lemma 6.5. For any [u1,uz] X {v} C D, f:D;; = R, and a € R, it holds that
2

(et 17 [ a0t o [T o - S o] an

) —

= [ ((”) (~o)du+ [ = M) ) ,0) — CE M) P, 0). (612)

We will use this identity several times later in Section 6.3.1, but for now use it to control the zeroth order
bulk in (6.11):

Lemma 6.6. With hypotheses as in Proposition 6.4, it holds that

//R<A v)dudv S //R<A (8_1?)2 (=7)dudv +/F¢2 ds, (6.13)

where ds is the arc length measure of I' with respect to the Euclidean metric du? + dv?.
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Proof. Let v € [v1,v2]. We apply the identity (6.12) with f = ¢ and a = 2 along the segment
Sy = [u(v),ub] x {v} C Ren (6.14)

to obtain the inequality

/S“(r— M)?¢* (-p)du S /Sw(r— M) (8“;5)2 (=)t P (0),0), (6.15)

where we dropped the boundary term at (uj,v) due to its favorable sign. Integrating this inequality now
over v € [v1,ve] and using the fact that dv along I is proportional to ds by (5.17), we obtain (6.13). O
6.2.2 Proof of the Morawetz estimate

The proof of Proposition 6.4 involves exploiting the following identities and using our energy boundedness
statement Proposition 6.1 to control flux terms with unfavorable signs.

Lemma 6.7 (Morawetz identities). Let f : (0,00) — R be a C? function and let ¢ be a solution of (2.16).
Then the following identities hold, where f = f(r) and ' = 4:

vk
v 7”3
P (2007 = L0, +4rf(1 = 100,000+ (0,000
_a ("L a0 —a. (ZL 6.4
—o.(“Lo2) -0 (“Lewr). @10

=12 [ (N(0u9)? = v(009)?) = 2fr(X — v = 2)0u¢Dy + 2(r f'A +2(rf' — frs) (—v)¢”
= 0y (r*f(8u9)* = 2rf'A$* + 0y (rf¢?)) — 0o (1 [(0u9)? + 21 f'v¢® — Bu(rf?)). (6.17)

Proof. To prove (6.16), we apply the general multiplier identity (2.23) to the vector field

—f(r) <i8u + /1-;8“> : (6.18)
To prove (6.17), we first apply (2.23) to the vector field
—f(r) (9y — Ou) (6.19)
to derive the identity
P21 (M0u0)? — v(068)?) + 2r f(A — 1)0udDsd = 0y (r* £ (0u®)?) — Ou(r* £ (0u0)?). (6.20)
To obtain (6.17) we now add the zeroth order current identity (2.24) with h = —2f to (6.20). O

Remark 6.8. The vector field (6.18) is the same as used in [LO19b, Lemma 8.24] and the “modified” identity
(6.17) is inspired by the identity (8.134) in [LO19b].

Remark 6.9. The vector fields used in these identities are variants of the usual Morawetz vector field f(r)0,,
used in [DRO9], for instance. We use (6.18) because for the choice f = —r~3, the cross term in (6.16) (the
middle term on the left-hand side) can be immediately absorbed into the good bulk using Young’s inequality
(see also [Arella, Proposition 9.3.1]). One might worry about the quartic nonlinear error term, but it turns
out to have a favorable sign with this choice of f! The point of the “modified” Morawetz identity (6.17) is
twofold: it introduces a (potentially) good zeroth order term and (potentially) improves the r-weight on the
cross term. We will show that both of these good properties are true for a well-chosen f below. However,
this choice of f would produce a bad quartic error term in (6.16), so we use the “background” vector field
(6.19) to derive the modified identity. Note that we could also use f = —r~2 in (6.20), but dealing with the
cross term would take a bit more work.
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The proof of Proposition 6.4 now proceeds in four steps:
1. Use (6.20) with f = —r~2 in R to control d¢ in spacetime L?, but with a suboptimal r-weight.
2. Use (6.20) with f = —r=3 in R>4 to control ¢ in L? along the timelike curve T

3. Use (6.17) with f = —1+ R~'xr =", where R > A is a large constant and x is an appropriately chosen
cutoff, to improve the r-weights for ¢ and to estimate ¢ in spacetime L? for r > A.

4. Combine these estimates with the Hardy inequality (6.13) to conclude (6.11).

Lemma 6.10. With hypotheses as in Proposition 6.4, it holds that

//R & <( —f) ( "¢) <av¢>2> (—7)dud

< /1 ((r — M)? (8“;5)2 + ¢2> (—=0)du + /H (r2(009)? + ¢%) dv + 37420 (6.21)

Proof. We integrate (6.16) over R with the choice f(r) = —r=3.

ESTIMATING THE FLUXES: For this choice of f, the integrands in the flux terms on the right-hand side
of (6.16) are bounded by the integrands in the fluxes of the Kodama energy identity (6.4). Therefore, by
the same reasoning as in the proof of Proposition 6.1, we may estimate

// 7)dudv < /1 ((f - M)2@ — 17¢2> du + /H (r2(0u9)? + ¢%) dv + 37420 (6.22)

where

B = 3p2 (A(l — 1) (8_“f>2 + nl(avqb)z) —4r72(1 — p) <a_“f) 0b+ —3 ( 3u0)? (9v9)*.

ESTIMATING THE BULK: By Young’s inequality, the sign of the final term in B, (5.2), and (5.12), we
observe that

2 2
B >7r2\1 —p) (M) + 1207 H0,0)% Z r2A1 — p) ((’MS) +772(0,0)2.
v —D
Using the expansions (5.24) and (5.28), we derive
ML= ) = (1= )] $ A%%2 (1= e 250 4 (1 — ) /275420 . 7=6420)

on D,., and, therefore,

//72 [(&;@2 +(1—p)? (ff) ] 2 (=p)dudv < // P)dudv + A%, (6.23)

with error term

Tf’

2
E = // P2 ((1 — )T (1 — )2 7‘6“5) (&f) (=0)dudv = Esp 4 F<a,
o —

where the notation E'> means the integral is restricted to R>, and similarly for E<x. By (5.4) and (5.5),
E> can be absorbed into the integral of B in (6.23). To estimate E<x, we use the bootstap assumptions
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for ¢:

2 -
// (1—p)r—2%° <3u¢) (—=v)dudv < / TN () dr < A2 (6.24)
RN{r<A} v 1
0u9 ™
/ / (1= f)l/2r=5+ (“V) (—7)dudv < / I (1) dr < AT (6.25)
RN{r<A} - 1
dud\> 72
// 7649 (uﬂ) (=7)dudv < / T, (1) dr < At 6T, (6.26)
RO{r<A} - -
Combining (6.22)—(6.26) yields (6.21), as desired. O

Next, we state a simple consequence of Stokes’ theorem in the plane.

Lemma 6.11. Let j“,j”, and Q be smooth functions on R>a satisfying 0,j" + 0,j° = Q. Then the
divergence identity

/ Qdudv:/ j“dv—/j“dv—i—/ j”du—i—/(nﬁj“—l—n%j“)ds
Rsa v 11 11 r

nr = (02 4 (1)) "2 (10, — 1,)
is the outward-pointing normal to R>a along T with respect to the flat Fuclidean metric du? + dv? on R>a,

"is used to denote %, and ds is the Fuclidean arc length measure of I'.

holds, where

Lemma 6.12. With hypotheses as in Proposition 6.4, it holds that

/P ((0u9)* + (0,0)?)ds < /((r — M)Q@ — uq’)2) du + /H (r2(009)? + ¢%) dv + 377420 (6.27)

I

Proof. We integrate (6.16) over R>x with the choice f = —r~3. As in the proof of Lemma 6.10, the fluxes
along the null hypersurfaces II, III, and IV can be estimated using Proposition 6.1. The bulk terms can be
estimated using (6.21). Observe that the contribution along I' is given by

1 1
o= /F (_m(av¢)2ng - W(8u¢2)n1”«> ds. (6.28)

Since I' is uniformly timelike (recall the estimate (5.17)), we have njt ~ —n} ~ 1 and therefore (using also
that K ~ 1 and 7y ~ —1 on I)

Ir ~/ ((0u0)® + (99)%)ds. (6.29)
r
This completes the proof of (6.27). O

Lemma 6.13. With hypotheses as in Proposition 6.4, it holds that

2
// (rl—"(au¢)2 +7r171(0,0)? + ﬁ ) (—0)dudv + / 2 ds
R>a ri T
< (7 — 1\4)27(8“"5)2 —0¢* | du+ [ (r*(0,0)* + ¢?) dv + 2T (6.30)
~ —v 11 ’ ! -
Proof. We integrate (6.17) over R N {r > A} with the choice f(r) = —1 + R™1x(r)r~", where R > A is a
large constant to be determined and x is a cutoff function such that x(r) = 0 for r < R, x(r) = 1 for r > 2R,

and such that [x/| < R7! and |x"| < R72.
By Lemma 6.11, we have

// (Fy + Fy + Z¢*) (—v)dudv — /(n%j“ +nj¥)ds = / G dv — / G dv + / 3" du, (6.31)
R>a v 11 111

r
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where the bulk terms are given by
Fr= R0 0y = X'1) ((009)* = vA(9u9)?),
F,=2(1 - R 'r "r(A—v—2) ( u¢> Oy,
Z=RNOr' =2+ Dxr ™) +2(L+ RO = (n+ DR ) 2k,
and the flux terms are given by
7' =12 (000) + 1A + M@ + 206000, §U = —r?f(0ud)? —rf'vd® +vf* + 20 fd0us.
ESTIMATE FOR THE ZEROTH ORDER BULK: We claim that
Z = 2o+ DRy = 2R (- Drser ™y + 2R (oer' =1 — )+ RN 2 R_lr_l_;
(6.32

on R>p for R sufficiently large. For r < R, only the first term is nonzero and since » ~ r=2 for r > A, we
have Z > R~r=1 > R=Yr=177 For R < r < 2R, we estimate

ZZ>r 24 Ry iy - RT2TT > 72 > Rl

for R sufficiently large. For r > 2R, only the first two terms are nonzero and (6.32) is evidently true. We

therefore have
/ / Z¢* (—v)dudv 2 R~ / / r1719? (—p)dudv. (6.33)
R>A R>A

ESTIMATES FOR THE FIRST ORDER BULKS: Let Fy = r~2 ((8,¢)* + (9,¢)?). This quantity has the
significance that its integral over R N {r > A} can be estimated by Lemma 6.10. It is clear that Fy 2
R=Y1 ((0u¢)? 4 (0v9)?) for r > 2R. For F», we estimate

Bl S A = v = 2010u6l10u6] < 7 (17 = 7= 2+ A +171) 10u6]1000] S (1+ A%¥ 207725 ) 9,610,
using (5.34) and (5.42). For r < R?, we have |0,¢||0,¢| < R*Fy and for r > R?, we have
0201100 < R™2F21017119,]0,¢] S R™Fy.
Therefore, for any b > 0 we may choose R sufficiently large that
|Fo| S R*Fy + blipsopy Fi + A% 207727910,/ |0,6).

Choosing b sufficiently small to absorb the middle term, we therefore have that
// (Fi + Fy) (—v)dudv 2 R~ // ((0u0)? + (0,9)?) dudv
RZA R>A
— R*. (LHS of (6.21)) — A%%/2 // r772%010,0||0s0| dudv  (6.34)
RZA

by Lemma 6.10 for R sufficiently large. At this point, we fix R and treat it as an implicit constant. For the
final term on the right-hand side of this inequality, we use Young’s inequality with a parameter ¢ > 0 and
the bootstrap assumptions for ¢ to estimate

// 7724010, 0|00 0| dudv < c// 2 dudv + ¢~ // T4420,:2(9,0)? dudv
REA R>A RZA

< c// (0u0)? dudv + ¢ / TP (1) dr
R>A T1

5 C// (3u¢>)2 dudv + 0*1A62T176+35.
Rsa
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Choosing c sufficiently small, we can absorb the first term on the right-hand side into the good bulk on the
right-hand side of (6.34) and conclude

/ / (Fi + Fy) (—v)dudv > / / P11 ((8,0)° + (8,6)?) dudv — (LHS of (6.21)) — &% 4%, (6.35)
R>a R>a

ESTIMATES FOR THE NULL FLUXES: As in the proof of Lemma 6.10, the terms on the right-hand side of
(6.31) are all estimated using Proposition 6.1 by

2
RHS of (6.31) < /((f - M)Q@ — m;s?) du + / (r?(0)? + ¢%) dv + 37 (uy, v1) 3. (6.36)
I - II
ESTIMATE FOR THE FLUX ALONG I': On I', we have by definition

7'lr = 1r2(0u9)® — ve® — 2rddud, j'|r = —1*(0u0)? — A® — 2r¢0y .

Therefore, using again that n{ ~ —nf: ~ 1, we have

- [t npyds 2 [ 02 ds— [ (0u0 + (@.0))ds. (637

r r r
Combining (6.31), (6.33), (6.35), (6.36), (6.37), and (6.27), we conclude (6.30). O
Proof of Proposition 6.4. Combine (6.13), (6.21), and (6.30). O

6.3 The H*-localized hierarchy

In this section, we prove the (7 — M)?~P-hierarchy of weighted energy estimates in the near-horizon region.
For the linear wave equation on extremal Reissner—Nordstrém, this hierarchy was introduced by Aretakis
for p= 10,1, and 2 in [Arella] and for p € [0,3) (for the £ = 0 mode) by the first-named author, Aretakis,
and Gajic in [AAG20a].

In order to give the cleanest statement, it is convenient to introduce the following operation: given a real
number z, let z, = z if z € [0,1), and x, = 0 otherwise.

Proposition 6.14. For any p € (0,3), A > 1, € sufficiently small, 7y € B, a € Ay(7,), (u1,v1), (u2,v2) €
I'ND;,, uy > uz, and vy > vo, where (uz,vs) is to the future of (u1,v1), it holds that

[ = (CE OO oy [ 5y o7 (o)
+//R (7 — M)3=P <(8uw)2 ( usb) )dudUJr/R (7 — M)~ =D 2 (—)dudv

5/I(T—M)2—p<(a“/_}>2 “f )d +/¢ du+/( 2(0,0)% + ¢%) dv + 37, TP (6.38)

-V

The proof of this estimate will be given in Section 6.3.2 below after a series of lemmas.

6.3.1 Near-horizon Hardy inequalities 11
We will again require several inequalities to handle lower order terms.

Lemma 6.15. Let o > —1. With hypotheses as in Proposition 6.14, it holds that

//R<A(r— M)*9? (—=)dudv < //R<A(r_ M)a+2% dudo +/F¢2 ds, (6.39)

/SU (F = M)*? (—p)du /S ((r - M)“+2M + (7 — M)? (8“?)2 - 1/(;52) du, (6.40)

-V -V

where Sy, is defined in (6.14).
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Proof. To prove (6.39), apply (6.12) with f = ¢ and argue as in the proof of Lemma 6.6. To prove (6.40),
let x = x(r) be a cutoff function such that x(r) = 1 for r < $A and x(r) = 0 for > 2A and apply (6.12)
to f = X¢ The cutoff kills the boundary term along I' (which has an unfavorable sign) and by adding
J s, ¢? (—v)du to both sides of the resulting inequality, we conclude (6.40). O

Lemma 6.16. With hypotheses as in Proposition 6.14, it holds that

/ (F— M)*~ »(Ou®)” “¢) du < / (F— M)~ (( ”(b) mﬁ) du, (6.41)
// M)* » (Oud)” “¢ dudv < // 22 (W 9¢2> dudv. (6.42)
R<a R<a -V
Proof. This follows immediately from the trivial estimate (9,¢)% < (94%)? 4+ 7*9? in R<,. O

6.3.2 Proof of the (7 — M)?~P estimates
We begin with a simple consequence of Stokes’ theorem in the plane.

Lemma 6.17. Let j“,j¥, and Q be smooth functions on R<a satisfying 0,j" + 0vj’ = Q. Then the
divergence identity
/ Qdudv:/j”du—/j”du—l—/ j“dv—/(n%j“—i—n%j“)ds
R<a A% 1 VI r

P = (02 4 (@) (o, - 1a,)

holds, where

is as in Lemma 6.11.
We now prove the main estimate of Proposition 6.14.

Lemma 6.18. With hypotheses as in Proposition 6.14, it holds that

[0 s [ (o aapr @ gy [ arpr @y,

+ /1 ((7« - M)2@ - u¢2) du + /H (r2(8u9)? + ¢°) dv + 37 2017 (6.43)

Proof. We evaluate the expression
// (%((T— M) (“w))dd
R<a 4

first by integrating by parts (using Lemma 6.17) and then by using the wave equation (2.18). This leads to
the identity

/(’LM)H O - /(f* e ) g, +/ 2 — M)*? (a"w)2 ds
A\

—U

//R ) <2M+ p—2)F )(T_ M)gfp( //72 ) 4,w AP, dud

Since p € (0,3), 2M + (p—2)7 > 0 for 7 close to M, so we may add a large multiple of the Morawetz estimate
(6.11) and use additionally (6.27) and (6.30) to estimate

[ @ O, +//R SO0,

§/I(f M)* Pt “w du +//R<A M)*7P|5¢||¢)]|0u 2| dudv + RHS of (6.11) (6.44)
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Using Young’s inequality with a parameter b > 0, the geometric estimate (5.32), and the observation that
0 < S7— M in R<y, we estimate the error term on the right-hand side by

M)* M)~ (Outp)® uw 1 M)?=Pyp? (—i
//R<A PI5||] |0y 0| dudv < b//R<A P dudv+b~ //72<A Pyy* (—D)dudv
+ A2e3/2 / /R . T2 — M)*P (b(ffj) + bl(—a)¢2> dudv. (6.45)

The first term can be absorbed into the bulk on the right-hand side of (6.44) if b is chosen sufficiently small.
The second term may be estimated by the Hardy inequality (6.39),

//R M)3=Pap? ( p)dudvg//R (F—M (W dudv +/¢ds

and since 5 —p > 3 — p, we may use (6.27) and add a large multiple of the Morawetz estimate (6.11) to
handle the error. The third term in (6.45) is estimated using the bootstrap assumption (4.9),

~

A2€3/2 // T—2+(§(77_ M) ( uw) dudv < AQ 3/2/ —2+5§p(7.) dr < 637_1—4-"-25-"—11. (646)
R<a 1

The fourth term in (6.45) is estimated by first applying the Hardy inequality (6.40) and then the bootstrap
assumption (4.9),

A265/2 / / 724 (5 _ MRy (=) dudy
R<a
V2 2 2
< A%/ / A / ((F - M)‘H’M + (7 — M)QM - z7¢2) dudv
v1 Sy v v
S A2€3/2/ 2 T maxfp—2,0y (7) dT S €87y TR madp20) < 3, PR (6.47)
T1

Combining (6.44)—(6.47) proves (6.43). O
Proof of Proposition 6.14. Combine (6.43) and (6.39)—(6.42).

6.4 The Z"-localized hierarchy

In this section, we prove Dafermos and Rodnianski’s hierarchy of rP-weighed energy estimates in the far
region. Recall the notation x, = 1o 1= from Section 6.3.

Proposition 6.19. For any p € (0,3), A > 1, € sufficiently small, 7y € B, o € Ay(,), (u1,v1), (u2,v2) €
I'NDy,, uy > ug, and vy > vy, where (uz,v2) is to the future of (u1,v1), it holds that

/ (rp(ava +7.p*+2( d’) +7"p*<;32 dv + // rp 1 ) + =1 +2(5~v¢)2 _Hn(p*l)*d)?) dudv
v R>a
< // (rP(0p0)? + r*(9,0)° + ¢°) dv + / ((r — M)? 2(ud)” “¢) ) ) du + 7420 (6.48)
11 I
The proof of this estimate will be given in Section 6.4.2 below after a series of lemmas.

6.4.1 rP-weighted Hardy inequalities

We will again require several inequalities to handle lower order terms. The following identity is proved by
expanding the term in square bracket and integrating by parts (see also [LO19b, Lemma 8.30]).
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Lemma 6.20. For any {u} x [v1,v2] C D,,, f:D;;, = R, and a € R, it holds that

2 V2 v2 o 2
%/ ro‘fQ/\dv—&—/ 3[ravf+a;5f} dv

= [P e S e P - S ). (649
Lemma 6.21. Let o < —1. With hypotheses as in Proposition 6.19, it holds that
/ / ry? dudv < / / r*2(0,1)? dudv + / $* ds, (6.50)
R>a R>a r
/S r? dv g/s (rot2(0,9)? + ¢%) dv, (6.51)
where "‘ “

Su = {u} x [vh (u), v5).
Proof. To prove (6.50), apply (6.49) with f = 1 to derive

J

where we have used that the boundary term at v4 has a favorable sign. Now (6.50) is obtained by integrating
this inequality in u. To prove (6.51), x = x(r) be a cutoff function such that x(r) = 1 for r > 3A and x(r) =0
for » < 2A and apply (6.49) to f = x@. The cutoff kills the boundary term along I' and by adding |, S ¢ dv

to both sides of the resulting inequality, we conclude (6.51). O

roy? dv < / ro‘+2(8vw)2 dv + (ra+1¢2)(u, vA(u)),
Su

u

Lemma 6.22. Let a < —1. With hypotheses as in Proposition 6.19, it holds that

/ r2(9,0)2 dv < / (2 (Bu)? + 72242 do, (6.52)
Su Su

// r*T2(0,¢)? dudv < // (r*(0u¥)? + r*2¢?) dudv. (6.53)
Proof. This follows immediately from the trivial estimate (9,¢)? < r72(9,9)% + r~49? in R<a. O

6.4.2 Proof of the r? estimates
We now prove the main estimate of Proposition 6.19.

Lemma 6.23. With hypotheses as in Proposition 6.19, it holds that

2 1 2 2
/IV rP(0,1)* dv + //RZA P (0y)? dudv < /H rP(0y1))* dv
+ / <(F - M)Qi(auq?)2 — D¢2> du + / (rz(&,qﬁ)Q + ¢2) dv + 37 (uy,v) . (6.54)
I -V I

Proof. We evaluate the expression

/ /R 3 A (17 (0u1)?) dudv

first by integrating by parts and then by using the wave equation (2.18). This leads to the identity

/Ivrp(avij))def/Hrp(&,z/))deqL/n%rp(avw)Q ds

T

= // pre= 1 (0,0)? (—v)dudv + // 4kvserP " pO,ah dudv.  (6.55)
Roa

RZA

o1



We estimate the second term by

‘// 4k PO dudv| < // P390, < b// P~ (0y1p)? dudv + b1 // P52 dudv
RZA RZA RZA RZA

where b > 0 is an arbitrary constant. For b sufficiently small, this can be absorbed by the good bulk on
the right-hand side of (6.55). To estimate the lower order term, we apply Hardy’s inequality (6.50) with
a=p—5 < —1 to obtain

// P52 dudv < // rP73(0,1)? dv—|—/¢2 ds.
R>a R>a r

Since p — 3 < p — 1, for any sufficiently small ¢ > 0 we have the estimate

//R rp*‘(avw)?dugc//R rp*1(61,¢)2dv+c*1//n (r'7"(009)? + 171 79%) dudv.  (6.56)

Combining (6.55) and (6.56) with ¢ sufficiently small and applying the Morawetz estimates (6.27) and (6.30)
yields (6.54) as desired. O

Proof of Proposition 6.19. Combine (6.54) and (6.50)—(6.53). O

7 Boundedness and decay of the scalar field

In this section, we prove boundedness and decay estimates for the scalar field ¢. In Section 7.1, we use
a standard pigeonhole principle argument to prove decay of the energies &,, £,, F, and F, which proves
Proposition 4.4. In Section 7.2, we then use these energy estimates to prove pointwise decay and boundedness
for ¢ and its derivatives.

In this section, we adopt the notational conventions outlined in Section 5.1. We will also often use the
geometric bootstrap assumptions and their consequences, such as Lemma 5.1, without comment.

7.1 Improving the bootstrap assumptions for the scalar field: the proof of
Proposition 4.4

Recall the definition of the energies &, £,, F, and F from Section 3.3. With this compact notation, we can
summarize the content of Propositions 6.1, 6.14, and 6.19 as:

Proposition 7.1. For any A > 1, € sufficiently small, 7y € B, a € Ay(7;), and 1 <71 < 79 < 7¢, it holds
that

s[up ] (Ep(T) + Ep(7)) S Ep(T1) + Ep(m1) + iAot (7.1)
TE|T1,T2
for every p € (0,3 — §] and

/ (Ep1(T) + Epr (M) dr S Ep(m1) + Ep(m) + P71 (7.2)

for every p € [1,3 — ¢].
We shall require the following interpolation lemma:
Lemma 7.2. Let 0 <p; <p <py <3—06 and 7 € [1,7¢]. It then holds that
P2 —D pP—p1
Ep(T) S (Epy (7)) 72771 (Epy (7)) P21,

pr2—p p—Pr1

Ep(7) S (Epy (7)) 72777 (Ep,y (7)) 7201 .
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Proof. This is a consequence of the following general inequality for a nonnegative function w on a measure
space (X, ), which is immediately obtained from Hélder’s inequality:

/ wP dp < </ wP? d,u) (/ wP? d,u> . O
X X X

The last preparatory result we shall require is an estimate for the initial energy in terms of our seed data
norm 2.

Lemma 7.3. For any A > 1, € sufficiently small, 7y € B, and a € Ay(r,), it holds that

£ (1) + E,(1) S (D[S0]) . (7.3)

Proof. Because A ~ 1 on Cy and v ~ 7 on Cy, it follows from the definition of D[Sy] that

Pl +12100¢| +1210,9] < D[So] (7.4)
on Cy and
ol + 122 0] < s (75)

on Cy. The bound (7.3) for £,(1) is now immediate. The bound for £,(1) follows once we observe that

A
/ (F — M)?>7P(=0)du < / (F— M)>Pdr <1
Co M

for p € [0,3 — 4. O

Proof of Proposition 4.4. First, we apply (7.1) to [1,7¢] and use (7.3) to infer

sup (E(m) + (1) S (D[So])* +° S &2 (7.6)

T€([l,75]
for every p € [0,3 — 6] by definition of . We assume I(75) > 1, else (7.6) already suffices. For each
i €0,...,I(1f) — 1}, we deduce from (7.6) for p =3 — § and (7.2) for p = 3 — § on the interval [L;, L; 1],
together with the pigeonhole principle, the existence of a 7/ € [L;, L;41] such that

Ea—s(t)) + Ea-5(r]) S (Lig1 — Li) ' (2 + %L 'H0) < &2L7 (7.7)
Using now (7.1) for p = 2 — ¢ and the dyadicity of the sequence L;, we upgrade (7.7) to the statement that
Ea—s(T) + Eams(r) ST (7.8)

for every 7 € [1,7¢]. Using Lemma 7.2 to interpolate between (7.6) for p =3 — ¢ and (7.8), we obtain
Eo(T) + Ea(1) S 27710 (7.9)

for every 7 € [1,7¢]. We now apply (7.9) and (7.2) with p = 2 to the intervals [L;, Li}1] with ¢ €
{0,...,I(1f) — 1} to find 7}’ € [L;, L;11] such that

ET]) +E(r]) S (Liva — L) (Ea(Li) + Ea(Li) + 2L *7%) S L7
Using (7.6), this is again immediately upgraded to
Ei(T) + E1(r) S e2r 20

for every 7 € [1,7f]. Repeating this argument once more, we conclude

Eo(T) + Eo(T) S 277 3T0
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for every 7 € [1,7¢]. Interpolating between this estimate and (7.6) for p = 3 — 4, we finally have
Ep(T) + Ep(1) S P77 3H0HP (7.10)

for every p € [0,3 — ¢] and 7 € [1,7¢].
Applying now Lemma 6.2, we estimate

Flu,m) <23 Flu, 1) Se2r 340 (7.11)

for any (u,v) € D;; and 7 € [1,7¢]
For A sufficiently large, (7.10) implies (4.16) and (4.17) and (7.11) implies (4.18) and (4.19). O

7.2 Pointwise estimates

In this section we will prove several pointwise estimates for the scalar field ¢ and its derivatives, with
the energy decay estimates of the previous section as a starting point. We shall also use the method
of characteristics to bound derivatives of ¢. At this point, we fix A = Ay sufficiently large that both
Propositions 4.3 and 4.4 hold.

Proposition 7.4. For any € sufficiently small, 7¢ € B, a € Ay(7y, and 1 < 171 < 72 < 7f, we have the
pointwise decay estimates

(7 — M) 2g| S er =320/, (7.12)
] S er 12 (7.13)

and the pointwise boundedness estimates

20, S e, (7.14)
r20,0] S e, (7.15)

8_“3}‘ <e, (7.16)
r% Se (7.17)

on DTf,

Proof. PROOF OF (7.12) AND (7.13) FOR r < A: Let x; = x1(r) be a smooth cutoff satisfying x1(r) = 1
for r < A— M and xi1(r) = 0 for r > A. By the same argument as in Lemma 5.5, the set {r = A — M}
is a timelike curve in D;,. For (u,v) € D,, with r(u,v) < A — M, the segment [u”(v),u] x {v} is entirely
contained in D,,. Therefore, for 3 € {0,1}, we may write

(F— M) P?(u,v) = / ’ (X (7 = M) P¢? + (1 — B)xave® + 2x1(F — M) P 0, ¢)du’.

ut (v)

The first and second terms can both be estimated by £o(7(u,v)) and for the third we use Cauchy—Schwarz,

u u 1/2 N ) 1/2
—_Ml—ﬁ au d/< 2 _7d/ —_M2—2/3(8u¢> d/
[, =2 leloug a5 (/qu (-7) u> (/Wv)w a0k g,

< (Eo(T(u, v))Eas (T (u, v)))

For (u,v) € {A — M <r < A}ND;,, define

< 62773+ﬂ+5(u, v).

“(u) = oA M(u) if r(u,0) > A — M
v*(u) = .
0 otherwise
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Note that {u} x [v*(u),v] C D;;, 0 <v—2v*(u) $1and 7(u,v*(u)) ~ 7(u,v). Therefore,
v
|6(u, v)| < [d(u, v*(u))] +/ 0u6] dv’ S er 3202 4 (Fu, 7(u, 0" () S 722w, 0),
v*(u)
where we used that (u,v*(u)) € {r < A — M} UCj and the estimate (7.11). This proves (7.12) and (7.13)
for all r < A.
PROOF OF (7.12) AND (7.13) FOR r > A: Let x2 = x2(r) be a smooth cutoff satisfying x»(r) = 1 for
r > A+ M and x2(r) = 0 for r < A. By the same argument as in Lemma 5.5, the set {r = A + M} is
a timelike curve in D;,. For (u,v) € D, with r(u,v) > A+ M, the segment {u} x [v*(u),v] is entirely
contained in D,,. Therefore, for 5 € {0,1}, we have

2

|7°_’3w (u,v)‘ =

v
/A (AP0 = Bxar™ T IAY? + 2xor ™ PY0,1)) dv’
v (u)

< Eolr(u,0)) + (Eo(7 (1, v))Ex2p (7 (u,v))) /2 S 27727840 (u, v),

which proves (7.12) and (7.13) for » > A+ M. The region A < r < A+ M is handled completely analogously
to A — M <r <A and is omitted. This completes the proofs of (7.12) and (7.13).
PROOF OF (7.14): Using (2.18), we compute

0u(r70,) = L (120,1) + 2rmwsey)

which can be solved for
% (u, v)
r2(0,v)

using an integrating factor (note that exp(fu2 2 (o' v) du') = r%(ug,v)/r?(u1,v)). Since r(uz,v) < r(ui,v)
for u; < ug and

(r20,0) (u, ) = (r20,0)(0,0) + r(u,0) /

0

u<2”””w>(ugv)du' (7.18)

r

rg(u,v)/ r3 () (—v)du <1,
0

we readily obtain (7.14) from (7.4), (7.13), (7.18), and the geometric estimates.
PROOF OF (7.15): This follows immediately from the identity

20y = rdyt) — Ao

and the previously proved estimates.
PROOF OF (7.16): Using (2.17) and (2.18), we compute

(%) = -2 () 2 s

which can be solved for

(Oﬁ’uf> (u,v) = exp (— /OU 2n%dv’> (%) (u,0) — /OU exp (— /: QK%dv”) 23 dv’ (7.20)

using an integrating factor, where the integrands are evaluated at constant u. Using the simple observation
that kK > 0 on D;, and the decay estimate (5.32), we have

Vo v2 V2
exp (—/ 2mfdv’> < exp (—/ 2%54071/) <1 +/ 5| dv’ <1+ e300 <1
V1 v1 v1

for e sufficiently small. Next, we estimate

/ PIEEas / 3 ((F = M)|g| + |716]) dof
0 0

v
< e/ (7“_37-_3/2+5/2 T 2+5) dv' < e
0
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using (7.12) and (5.32) again. Therefore, (7.20) and (7.5) yield (7.16) as desired.
PROOF OF (7.17): This follows immediately from the identity

Oud _ 0wt

-V -V

r

+9¢

and the previously proved estimates. O

8 The proof of nonlinear stability, Theorem 1

In this section, we complete the proof of Theorem 1. As the proof will involve repeatedly updating the gauge
as 7y — 00, we will now reintroduce the 7y sub- and superscripts on various relevant quantities. Also, as in
Section 7.2, we fix A = Aq so that Propositions 4.3 and 4.4 hold.

We now briefly recall the notation for our gauges and refer the reader back to Sections 3.2 and 3.3
for the precise definitions. The coordinates (i, ?) refer to the initial data normalized coordinates on the
maximal development Qmax, which are transformed into the teleologically normalized coordinates (u,,,v)
by the diffeomoprhism ®,, = (u;;,v) : 257], — D;,. The inverse of ®,, is denoted by @Tf. Note that
the background extremal Reissner—Nordstrém solutions Tr, are defined on DTf in the coordinates (qu,v).
Therefore, part of the proof of Theorem 1 will be to show that the pullbacks 7, o ®. converge on (an

appropriate subset of) Qmax.

In Section 8.1, we carry out the main continuity argument of the paper by showing that the bootstrap set
B is open and closed. In Section 8.2, we prove estimates comparing the gauges ®,, and background solutions
7r, for different values of 7. In Section 8.3, we extract the limiting comparison solution 7 as 7y — 00
and show that the energy hierarchies extend to the limit. Finally, we complete the proof of Theorem 1 in
Section 8.3.5.

8.1 The continuity argument

Recall the definition of the bootstrap set B(Sp, e, Ag) from Section 4.1. We now have the following funda-
mental statement:

Proposition 8.1. Let My and § be as in the statement of Theorem 1. There exists an estan(Mo,d) > 0 such
that if € < egtap and Sy € My with D[Sy < €, then B(Sy, e, Ag) = [1,00), where Ay is the constant for which
Propositions 4.3 and 4.4 hold.

Proof. We infer this statement by proving that B(Sp, €, Ag) C [1, 00) is nonempty, open, and closed for € suf-
ficiently small. Nonemptiness was proved in Proposition 4.2 above. Openness will be proved in Section 8.1.1
below. Closedness will be proved in Section 8.1.2 below. O

Remark 8.2. The number &g, will be restricted one final time in Proposition 8.17 below.

8.1.1 The proof of openness

We begin by showing that the bootstrap region always stops short of the future boundary of the initial data
hypersurface C which was defined in Section 3.1. See Fig. 12.

Lemma 8.3. There ezists a constant 6 € (0,1) such that for e sufficiently small and 7y € B(So, ¢, Ao), it
holds that Fﬁ(Tf) < gU..

Proof. Since 957 = —1 on Ciy, we see that r(I'%(7s),0) = A — T'%(74). Using (4.6), we then estimate
I(rp) = A= r(T%(14),0) = A = 7, 0 & (T%(7y),0) — 70 &, (I'(74),0) = 99Mj + O(e),
— 995

which is quantitatively strictly smaller than U, = 55 Mo for € sufficiently small. O
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Figure 12: A Penrose diagram of the openness argument in the proof of Proposition 8.1. The extension Zﬁi’f‘t
avoids the solid black point by Lemma 8.3.

Proof that B is open. Let 7; € B(So, e, Ag). We show that 77 +n € B(So, ¢, Ag) for n > 0 sufficiently small.
Recall that at bootstrap time 7¢, the solution (r, 92, ¢, e) is assumed to exist on the rectangle

D, = [0,0%(rp)] x [0,T%(ry)]

in the maximal development Oy in the “initial data coordinates” (ii,0). By Proposition 2.5 and Lemma 8.3,
there exists a small number o > 0 such that

D = [0,1%(r4) + 0]  [0,T°(7) + 0] € Qrma

Since I' being a timelike curve is an open condition, I'|jg - ;] extends to an inextendible timelike curve in ﬁf_’f‘t
for o sufficiently small (refer also to the quantitative estimates (5.17)). Again by continuity, (5.4), (5.6), and
(5.12) imply that & > 0 and ¥ < 0 in De"t N{r > A} for o sufficiently small. Therefore, DTern C Omax for N
sufficiently small and the map ®,,, ex1sts, which allows us to equip DTf_H, with teleologically normalized
coordinates (ur;yn,v) = @, 1,(4,0). By direct inspection of the definition (3.6), we see that u,, ., — u,,
smoothly on [0,I'%(7)] as n — 0. Moreover, letting Tr;4+n and 7, denote the respective anchored extremal
Reissner—Nordstrom backgrounds, we also have that Trptn © Prpyny = Trp 0 @py smoothly on ﬁTf asn— 0.

The step function I(7) = |log, 7| has the property that I(ry + 1) = I(7¢) for n sufficiently small. It
trivially follows that II; is defined on 2; for every ¢ € {0,...,I(7f +n)}. These soft arguments show that
points 1.-4. of the definition of B(Sy, e, Ag) are satisfied for 74 + 7 if 7 is chosen sufficiently small.

We now invoke Propositions 4.3 and 4.4: The bootstrap assumptions (4.5)-(4.11) hold on D, with
quantitatively strictly better constants (1 — %) Using now the smoothness of the limits ®.,,, — ®,, and
Trjan © ®rpqy — 77 0 @, it is now immediate that the bootstrap assumptions (4.5)—(4.11) hold on D, for
7 sufficiently small. Therefore, 74 +n € B(So, €, Ao). O

8.1.2 The proof of closedness: modulation of @

Proof that B is closed. Let 7} € B(So, e, Ag) be a strictly increasing sequence of times with finite limit T
as n — oo. We aim to show that 73° € B(Sp, €, Ao).
THE CASE WHEN 7¢° IS NOT DYADIC: We first argue that I'(7}) has a limit point in the (4, )-plane

as n — oo. Since I is timelike, the sequences Fﬂ(T}L) and F{)(T}L) are strictly monotone increasing. By
Lemma 8.3, l"a(T]?) converges to a number @, < U,. By Lemma 5.7 and (5.19), Fﬁ(T?) converges to a finite

number 9¥,. Therefore, the set D, = [0 @i,) % [0, D) is contained in Ormax.

We now show that the closure of D, is contained in dex, i.e., that the solution (r, QQ, ¢, e) extends to
the closure of D, in C*. By the bootstrap assumptions, Lemma, 5. 7 (5.5), (5.13), (5.32), (7.13), and (7.15),
we immediately obtain the estimates 1 Sr < 1+73°, 0 < A<1, k~1, |9 <1, and [95¢] <1 on D,. Using

these estimates and (2.17), we have that [log(—7)| < 1+7§° on D,. We now use the gauge-invariant estimate
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(7.17) to estimate [0z¢| < 1+ 77° on D,. Using the identity Q% = —440, we also have 1 <02 <1+ T¢° on
D,. Now by integrating (2.13) in @ and &, we have that |9zlog 02| + |9;log Q2| < 1+ (77°)? on D,.

These arguments imply that (r, 02, ¢, e) extends to the closure of D, in C'. Standard propagation of
regularity results now imply that this extension is actually C*°. Standard continuity arguments, such as

those used in the proof of openness, imply that parts 2. and 4.-6. of Definition 4.1 hold on D, = 157;0. Since
7¢° is not dyadic, i.e., not a power of 2, parts 1. and 3. of Definition 4.1 are automatically inherited from 77
for n sufficiently large.

THE CASE WHEN 77° IS DYADIC: By the same arguments as in the previous case, the solution extends

to ﬁTfoo and parts 2. and 4.-6. of Definition 4.1 are satisfied. Since I = I(73°) > I(7}) for any finite n, we
must now construct the set 2; and ensure that parts 1. and 3. of Definition 4.1 hold Note that I > 1.

By assumption, there exist numbers o] < o for every i € {0,...,I — 1} such that ; = [a;, o] are
nested, i.e., Ay 1 C A o C--- C Ay,

Hi . Q[z N [_63/2L;3+5’€3/2L;3+6]

is surjective, and II;(a) = +£3/2L;3%°. Clearly, the map I1;(a) = @(T'(Ly)) is defined on 2;_; since the
solution exists on D, o for every o € A;_1. We apply Lemma 8.4 below with f; = II;_4, [z] ,xz] Ar_q,

1 = 53/2LI_E+‘5 fo =17, and ¢y = 53/2L 349 In order to verify the assumption (8.2), we estimate, using
(5.44) and Remark 5.15, !
T (a) — ;1 ()] < C<€2L;‘3+‘S

for every o € ;_1, where C' is a constant that does not depend on T}X’. We now observe that

53/2L;;31+5 _ E3/2L1—3+6 = (2349 _ 1)53/2L;3+6 > C€2L1—3+5 (8.1)
for e sufficiently small, which verifies (8.2). We may now take ali = :ch and Lemma 8.4 implies that
0 - 2, — [—53/2L1_3+5, 63/2LI_3+5]
is surjective, where 27 := [a} , ], as desired. O

Lemma 8.4. Let 0 < ca < ¢ < 0 and let f1 : [z ,7]] — [—c1,c1] be a continuous surjective function
satisfying fi(zE) = +c1. Let fo : [#7,27] — R be a continuous function satisfying the estimate

sup |f2 — fil <e1 —ca. (8.2)
21 o]
Then there exists an interval (x5, 23] C (x7,2]) such that fo : [x5,75] — [—ca,ca] is surjective with
fg(xét) = :tCQ.
Proof. We observe that
F2(2]) = fi(@)) = |f2(2]) = i(@])]| > 1 = (e1 —e2) = e

and similarly, fa(x]) < —ca. It follows from the intermediate value theorem that

zy =min fy '(—c2) and  zF = max f; !(co)

exist and satisfy 27 < x; < 23 < x7. Surjectivity of f» on [z;,z5] follows again from the intermediate
value theorem. O
8.1.3 The definition of the stable manifold 9.

Definition 8.5. Let ¢ < eg,p. For Sg € My with D[Sy] < &, we have B(Sy, e, Ag) = [1,00) by Proposi-
tion 8.1. Therefore, there exists a sequence of nested, compact, nonempty intervals {2;};>0 as in Defini-
tion 4.1. Note that there may be multiple such {2;};>¢ for which Definition 4.1 holds; we shall say that such
an {2A; }i>o is consistent with this definition. See already Remark 8.7. We define

Mtan (So, €) = U Sola) € L(So,e) o € [ Us (8.3)

{2 }izo consistent i>0
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and
Djtstab = U U mstab (SO, 5)
EE[Ovastab] SOEDﬁU:D[SO]gg

This set Miap is the stable “submanifold” of seed data referred to in the statement of Theorem 1. We
immediately infer the codimension-one property of Mgtap, recall (3.12).

Proposition 8.6. Let ¢ < egap. For S € My with D[So] < €, it holds that
mstab N £(SO; 5) = 9ﬁstab(sm 5) 7é (Z) (84)

Proof. The equality in (8.4) follows immediately from the definitions of Mian, L£(So,€), and Mian(So, €)-
The nonemptiness of Mgian(So, ) follows from the existence of at least one valid sequence of modulation
sets {2, };>0 per Definition 4.1 and Proposition 8.1. O

Remark 8.7. We only prove that the intersection (), 2l is nonempty, not that it only contains one element.
Moreover, as was already mentioned, there might be multiple {2;};>¢ consistent with Definition 4.1. (The
construction of Lemma 8.4 gives one such choice, which is algorithmic but not necessarily unique in general.)
In (8.3), we consider all possible descending chains of modulation sets which are consistent with Definition 4.1.
A priori, this could also result in the set M¢an (So, €) containing more than one element. One consequence of
the conjectures in Section 1.3.1 would be that Map(So,€) contains a single seed data set and hence Miap
is ezactly codimension one.

8.2 Estimates for the gauge and background changes

8.2.1 Extension of the solution to D., and the eschatological gauge ¢,

We now introduce the following convention:

For the remainder of this paper, we consider without further comment solutions arising from seed data in
Mstab(So, €). For such a solution, all of the estimates proved in Sections 5 to 7 hold for every 74 > 1.

Since B(Sp, e, Ag) = [1,00) by Proposition 8.1, we have

Dy = U Dq—f C Qmax~
Tp2>1

In this section, we show that the eschatological gauge ®o, is well-defined and C* on Do, which is a part of
Part 2. of the statement of Theorem 1.

Proposition 8.8. For (i,9) € Do, the limit

Doo(,0) = Tim @, ()

exists and defines a C* diffeomorphism ® o : Doy — [0,00) x [0, 00).
First, we observe the following immediate consequence of Lemma 8.3:

Lemma 8.9. The limit dg;+ = lim, 00 D7) exists and satisfies i+ < OU., where § € (0,1) is the constant
from Lemma 8.3. Furthermore, Do = [0, Uy+) X [0, 00).

Next, we show that the maps ®,. are Cauchy in C*.

T
Lemma 8.10. For any i € [0, G+ ), T sufficiently large that T%(7) > i, and 74 > 7y, it holds that

<

@2, = ©7, o1 (10,00] x[0.00)) Sito €777 - (8.5)
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Proof. By definition and (2.22) (applied twice), we have that
!

F (@) =l (@) = 4(a, 0% (1)) — A(@ I°(7p))

A i)
=awr%nnb—wm / %m@%wﬂ

; /MWT@@%Al /mmrwwwA
= _———exp =(0% 0 — exp = (0 0
1- M(’LL, 0) 0 A o (7f) A

for & € [0, 1p]. As the solution exists and is smooth on ZA);f, we have that

1 L°(7) o 5 .
= u(i,0) </0 77 d“)

To see this, note that 1 — (4, 0) is nonvanishing for @ € [0,4y+) by (5.3). The integral over r < A is
estimated softly by the compactness of the region {0 < @ < 4o} N{r < A} and for » > A by (4.8). Using the
pointwise estimate (7.15), we now estimate

Lo(rs)
1—exp / =(03¢)* dv
1“1’)(7—-‘f) )\

Putting these estimates together yields |u} —u’ | <a, 627_']71 and integrating once yields (8.5) as desired. [J

u

r%(ry) .
< / e2r(a,0) "% db S 277 .
T2(75)

Proof of Proposition 8.8. The existence and regularity of the map ®o, = (s, ) is immediate from the
estimate (8.5). We now show that us : [0,4y+) — [0,00) is a diffeomorphism. First, us is strictly
increasing because

(D5)* d@) >0

>l 3

Boo _ Y 4(a,0) L. / h
= — = ——— eXx
da amee N T T T, 0) TP\,
and u is surjective onto [0, 00) because Uy (0) = 0 and u,, (I'%(7f)) ~ 75 as 7 — oo by Lemma 5.6. Finally,

by Lemma 5.7 and its proof, v : [0,00) — [0, 00) is a diffeomorphism. O

We apply the coordinate transformation (ueo,v) = Puoo(@,0) to Deo, after which we denote it by De.
However, since @, is only C! in 4, the solution (r,?, ¢,e) will only be C! in u, when expressed in the
coordinates (us0,v). Moreover, the solution expressed in (uq,v) coordinates will satisfy the estimate

Voo + 1] < g2 73/277249 (8.6)

in Do N {r > A} by simply passing to the limit in (5.15).

8.2.2 Uniform C' convergence of o7, 0 ‘i)Tf to the identity as 7y — oo

As we saw in the proof of Lemma 8.10, the difference of the coordinate changes @ +— uz, and @ + u,, does
not satisfy a uniform estimate up to the horizon as 7y — oco. In the following proposition, we prove that
Uz, = Ur,, however, is well-behaved in the entire domain of outer communication as 7; — oo.

Proposition 8.11. Let 1 < 7y <7y < 00 and set ¥ =&z, 0 <i>7f. Then the following estimates hold:

‘T'f,‘l'f
sup  |Wr, ., —id| S 27 (8.7)
J=(D(r4))ND,
sup  |d(Wy, -, —id)| S 272 (8.8)

J=(D(rs)ND-,

60



Proof. From the definitions, we have Wz, - = g7, -, x id, where

. Uy oo s _
() = = [l T iy == [ G T ) ) . (59)
By applying the estimate (5.15), we have that

10%,.7, = 1 < Vi | S 57227272, (8.10)
where the right-hand side is evaluated on [0, "7 (77)] x {T'V(77)}. On {v =T (7p)}N{r < 37/}, it is easy to
see that 7 > 7;. By considering separately the two regions 7 > 47 and 7 < 17 on [0, (74)] x {T"V(7f)},
we use (8.10) to estimate
_—3/2
%, ., — 1 S 7% (8.11)

This now readily implies (8.7) and (8.8). O

8.2.3 Differences of the background solutions at different bootstrap times

Next, we compare 77, and 7, for two late bootstrap times. Since these are defined on different bootstrap
domains with different coordinate systems, we need to pull them back onto the same domain. If we pull
both back to Da, we would have to contend with the poor estimate (8.5). Instead, we pull 7z, back to the
“later” coordinate system (u,,,v), which takes advantage of the good estimate (8.8).

Lemma 8.12. For any T > 1 sufficiently large and Ty < 7y < 00, it holds that

sup |77, — Tr 12, (8.12)

9
oVs | ST
J=(T(7¢))ND+

f

Proof. Let o =7;, —T7, oW

+ 7;,7p- We differentiate in u,, to obtain

5urf9 = Uz, = (Vz; 0 \I/?f,Tf)glff,Tf = (1= fr) + (1= fir; 0 \ijf’Tf)g;f’Tf

M 2 M\? 0. —3/2
Tf TETS Tf

where we used (8.11) and the Eddington—Finkelstein gauge condition for 7z, and 7,,. Under the bootstrap

assumption that |g| < ETy /3 with 7¢ large, we may Taylor expand to obtain
2M , _ _—3/2
O, 0= ——5(Fr, = M)o+ O(r*¢") + O, ) (8.13)
s

By (5.35), we estimate |o(I'(7f))] < 527_';3”, which for 7, large shows that the bootstrap assumption is
satisfied near I'(7f). Integrating (8.13) backwards from I'(7;) (with the help of an integrating factor, see
also (5.39)), we estimate

IS (7f)
lo(ur, TV (7)) S 277340 + / R T . e R e A CR T

qu

For 7; sufficiently large, this improves the bootstrap assumption on ¢ and therefore (8.14) holds for u,, €
(0,175 (7))
Next, similarly to (8.13), we derive the equation

2M

8’09 = 7(71_77 - M)Q + O(’F;fgg2)'

This can be integrated backwards from [0,1""7 (7£)] x {T'"V(7¢)} and by using (8.14) and the good sign of the
coefficient of the linear term on the right-hand side, we obtain (8.12) as desired. O
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8.3 Taking 7y — oo and completing the proof of Theorem 1

With estimates for the gauges and background solutions in hand, we can now justify passing to the limit
T¢ — 00 in the constructions and estimates established in Sections 4 to 7. Once the “final” estimates on
Do have been established, we can infer the existence of the event horizon H* and complete the proof of
Theorem 1.

8.3.1 Extracting the final anchored background solution 7,

Proposition 8.13. The limit

Ty = Tfligloo 77:(0,0) (8.15)
exists and satisfies
|7 — A S €2 (8.16)

Let T, denote the oo-anchored background solution on D, with bifurcation sphere area-radius 7o (0,0) = Ty,
as defined in Section 8.3. Then it holds that
sup [Too = Tr; 0 Vrs o] S 527';1/2. (8.17)
J=(T(14))NDs
Proof. The existence of the limit (8.15) follows immediately from (8.12) evaluated at (0,0) and then the
estimate (8.16) follows from (5.35). To prove (8.17), first observe that by (8.12), the limit

v(@, 0) = T}igloo Trp 0 ®rs
exists on 7500 and satisfies
sup [t =77, 0D 563/27';1/2. (8.18)

J=(D(74))NPes

We claim that 7o = to P, whence (8.17) follows from (8.18). As 7o (0,0) = 7, = to & (0,0), it suffices to
show that v o &, satisfies the Eddington—Finkelstein gauge conditions in the coordinates (uqo,v). Indeed,

_ _ ) . M\
auoo (rTf o \IITJHOO) - 7(1 - :LLTf ° \Iij,OO)g‘rf,oo =—\1l-—" g‘rf,oo (819)

f‘rf o lI/Tf,oo

by the definitions. Using (8.11), we see that this converges uniformly to —(1 — M/t o ®.,)2 as 75 — o0,
which verifies the Eddington—Finkelstein gauge condition for Ou,, (to Cf)oo) The corresponding argument for
0y (1 0 P ) is trivial, which completes the proof. O

Remark 8.14. Note that 7o is smooth on Do in the (0o, v) coordinate system, but 7, o @ is only C* in
% on Dyg.

8.3.2 Convergence of the energy hierarchies
Proposition 8.15. For any 7 € [1,00) and p € [0,3 — 4], it holds that
lim &7 (1) = 5;;0(7'),

Tf—>00

lim & (1) = EX(7).

Tf—>00

Proof. We give the proof for the 0,6 term in £,'(7) as every other term in any of the energies is either
similarly or less difficult. We use the change of variables formula to write the du,, integral as a duc
integral:

_ ~ (Ou,, 9r,)? ) (O, s 2 .
/C’f( )(Trf - M)? P17 dur, = /CTf( )(Trf — M)*P Ny ASES (=7, )duts,

“Vrs Uz

(’FTf ° \Ij"'fvoo B M)4*p < auoo ¢00
(

2
= _ ¢ duss, (8.20)
/[rwﬂ,r%o(rf)]x{v} (Frp 0 Wrpo0)? 1—fir)o ‘I’Tf,oo>
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where v = (I'V)~1(7). We shall use the dominated convergence theorem to prove that this integral converges

to
. 4—p 2 2
/ (Foo — M) <8uoc¢oo> duy = / (Foo — M)HM At (8.21)
[[uee (7),00) x {v} C>(r)

7720 1- ﬁoo —Vso

as T§ — 00.
It is clear from Proposition 8.13 that the integrand in (8.20) converges to the integrand in (8.21) pointwise,
so we just have to prove a uniform bound by an L' function of us.. For the scalar field, we estimate

Ou,, &7
Ouse oo | _ iy O, P = lim |g. ) oW, | Se (8.22)
1-f TfO0 (1 - :U/Tf) o \Il‘rf,oo TR0 # —Vry "
by (7.17) and (8.11). To estimate the degenerate factor on the horizon, we note that
- -1\ _ -2
O, ((Frp = M) = (B
from which it readily follows that
Pry (try,0) = M S (1 try —ul, (v) (8.23)

for (ur;,v) € Dy, N {r < A}. Therefore, combining (8.22) and (8.23), we have

('FTf © \Ij-rf 0o — M)4—p Ou_ & 2 B
5 00 Poo < .2 1 o »

(f‘rf ° ‘117'.1‘#"’)2 (1- ﬂrf) oV ~ & ( + ng’Oo(uoo) Uz, (U)) )

which is integrable as p —4 < —1 (using also (8.11) to say that g, oo (teo) — Uﬁf (1) ~ toe for o large). O

By Propositions 8.1 and 8.15, the estimates (4.8)—(4.11) hold for 7y = 7 and every 7 € [1,00). This
proves (3.19) of Theorem 1.

8.3.3 Global structure of O

We now prove the existence of a black hole region and a regular event horizon in the maximal development
(Qmax, 7, 22, ¢, €) of seed data lying in Mgap.

Proposition 8.16. The mazimal development of any seed data lying in Mgeap, has Omax = [0,U,] x [0, 00)
and there exists a Uy+ € (0,U,) satisfying

[+ — g+ o] Se, (8.24)

where G+ o was defined in (3.1), such that [0, ty+] X [0,00) C Omax,

lim 7(a,0) = 00 (8.25)
V— 00
for every i € [0, tiy+ ), and
lim r(ty+,0) = lim w(ly+,0) = M = le|. (8.26)
vV— 00 vV— 00

Therefore, [0,74,+) x {0 = oo} may be regarded as future null infinity T+ and
HY =T (TT) = {ty+} x [0,00)
is the event horizon. The black hole region is
BH = Omax \ J(T1) = [+, U] x [0, 00) # 0

and future null infinity is complete in the sense of Christodoulou [Chr99].
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Proof. By the geometric estimates, 7 is bounded from below on Do and X > 0 by (5.3). It follows from
the extension principle!? [Daf05a] that ﬂ C Omax, Where the closure is taken in the (@, v)-plane. By
Lemma 8.9, a\ﬁoo = {Gg+} % [0,00).

By (4.6) and (8.17), it holds that

|r — Too 0 Poo| S g3/2r=2+0

on D, and since

lm  Foo 0 Poo (G, 0) = lim 7o (oo, 0(D)) = M
ﬁ—>ﬂH+ Uoo —>00

by the geometry of extremal Reissner—Nordstrém, we conclude that
(g, ) — M| < 3277210 (g4, ) (8.27)
for every v € [0, 00). Furthermore, by passing to the limit in (4.7), we have
| — M| < e3/2773+9 (8.28)

on Dao. Now (8.27) and (8.28) imply (8.26).
Evaluating (8.27) at ¥ = 0 and using the gauge condition #(4,0) = —1, we find that

Uyt — Uyt o = Uy+ — (M —A) + O(e) = r(ty+,0) — M + O(e) = O(e),
which verifies (8.24)

To show that Qmax contains the rectangle (Gig+,Us] x [0,00), we use the logically independent fact
that A > 0 everywhere on Qmax, which will be shown in Section 8.3.5 below. Since r is bounded below
on [0,U.] x {0}, is it bounded below on Omax- The extension principle [Daf05a| therefore implies that
Omax = [0, U] x [0, 00).

Finally, since r is bounded on H™, completeness of Zt follows from the work of Dafermos [Daf05b| (see
also [Kom13]|). O

This completes the proof of Part 2. of Theorem 1.

8.3.4 The final geometric estimates

In this section, we record the final geometric estimates in the eschatological gauge (u,v), with sharp
improvements in €. This will prove (3.16)—(3.18) of Theorem 1.

While the (us0,v) coordinates do not cover the event horizon H*, we can formally attach it as the
Uso = 00 limiting curve (as is done in [DRO5], for instance). We write this “extended” manifold as Do, UH ™.
On Dy, UHT, we can extend certain background quantities to HT as explained in Section 2.2.

Proposition 8.17. If ey, is sufficiently small, then in the eschatological gauge (uso,v) with background
solution Too, it holds that

Voo + 1| < 2717340 (8.29)
on Doo N{r > A},
Voo _ 1‘ < 2pm1H0 (8.30)
I/OO

on D, and
Ir =Tl S 27725, (8:31)
oo = Aoo| S 277777, (8.32)
oo — 1] S e2771H9, (8.33)
o — M| S 277, (8.34)
(1= ) = (1= o) S 377277, (8.35)
2,348 | 2,-3,—2+0 (8.36)

‘%—}_too|§€27"7 T T

10Note that since we actually already have a pointwise estimate for ¢ on Doo by (7.12), one could give a much quicker
argument for the extension.
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on Doy UHT.

Remark 8.18. Note that compared to the estimates proved in Section 5, the estimates (8.30), (8.31), (8.32),
(8.34), (8.35), and (8.36) have factors of €2 instead of £3/2. This improvement is the main content of the
following proof.

Proof of Proposition 8.17. The estimates (8.29) and (8.33) are obtained by simply passing to the limit in
Lemmas 5.2 and 5.3. To prove (8.34), we revisit the estimate (5.44) and apply it to @ = ay. Since
€ (N>, it holds that |II;z,)(c)| < e3/2L73%% for every i > 0. Therefore, by (5.44) we have
| — M| < 3207370 4+ 277349 on Dy, Sending i — oo proves (8.34) on Da..

We now prove the remaining estimates via a bootstrap argument in the (us,v) gauge on Do,. Let B
denote the set of 7; € [1,00) for which

|r — Foo| < Ae2772H0 (8.37)
;;’O - 1’ < A22140, (8.38)

where 4 > 1 js a constant to be determined.
( Le)zt 77 € B. Using these bootstrap assumptions and (8.34), we improve the Taylor expansions (5.27) and
5.28) to

2M
Ou(r — Too) = 7_3%0 (Foo — M)(r — Too) + O(€2F;o17'_3+5)
TOO
in Do N{7 < 7¢}N{r>A} and
2M Koo , _ _
Oy(r = Toe) = T3 (Foe = M) (1 = o) + O(277740)

in Do, N {7 < 74}. By passing to the limit in (5.35), we have
|(r — Foo)|p| S 27720

By now repeating the arguments of Lemmas 5.11 and 5.13, we improve the bootstrap assumptions (8.37)

and (8.38) for A chosen sufficiently large. Therefore, B = [1,00) and the estimates (8.30) and (8.31) hold.
Finally, (8.35) and (8.36) are proved by repeating the arguments of Lemmas 5.8 and 5.10 with our

improved estimates at hand. O

Using (8.34), we can prove a sharp-in-¢ estimate for the final modulation parameter a,. The following
result can be compared with [DHRT, Remark 6.3.5].

Proposition 8.19. Let Sp(a,) = (¢, ro, Mo + iy, €) € Mean(So,€). Then
o, = le| — |eo| + O(?) (8.39)
Proof. By (8.34), we have

o, =(0,0) = My = @(0,0) — M — (Mo — M) = |e| — |eo| + O(£?). O

8.3.5 Putting everything together
Everything is now in place to complete the proof of nonlinear stability of Reissner—Nordstrém, Theorem 1.

Proof of Theorem 1. Part 1. of the theorem is a direct restatement of Proposition 8.6 above. Part 2. of the
theorem is a combination of Propositions 8.8 and 8.16, and (8.29) implies that v, — —1 at Z*. Orbital
stability of the parameters, (3.13), follows immediately from the definition of © and the conservation of
charge e in the neutral scalar field model.

PROOF OF ORBITAL STABILITY FOR THE p = 3 — § ENERGY: Unfortunately, this does not immediately
follow from Proposition 8.15 applied to p = 3 — § since the smallness parameter ¢ > D[Sp] only bounds the
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energy £9°5(1) 4+ £3° 5(1) from above (recall Lemma 7.3). Furthermore, the estimates (6.38) and (6.48) for
p = 3 — 0 have nonlinear errors that depend on € and are not bounded by £5° 5(1) +£5° 5(1) as the estimates
are currently written. We now sketch how to remove this deficiency. Working on D, in the eschatological
gauge (u,v), we define a bootstrap set B consisting of 75 € [1,00) such that the bootstrap assumptions

(4.5)—(4.11) hold with e replaced by & = ( 2°s(1) +§§<15(1)) 2 and A replaced by a possibly larger constant
A. We now repeat all of the arguments in Section 5, Section 6, and Section 7.1 with 7; replaced by co and
e by & to show that B = [1,00). Note that the only instance (besides the bootstrap assumptions) where
enters into the proofs of the estimates in Section 5, Section 6, and Section 7.1, as they are currently written,

is in (7.3), which is now replaced by the definition of €. We therefore have
E2°(7) + E2(7) S B30 — (£3° (1) + £ 5(1)) 7730+

for every 7 € [1,00) and p € [0,3 — §]. For p = 3 — 4, this estimate gives (3.14), as desired.

PROOF OF ORBITAL STABILITY FOR THE POINTWISE C! NORM: Revisiting the proofs of (7.13)—(7.17),
we observe that the estimates only depend on energies and pointwise norms coming from initial data of the
solution restricted to J~(Z+) NC. Therefore, the € on the right-hand side of the estimates (7.13)(7.17) can
be replaced by the right-hand side of (3.15).

Part 4. of the theorem follows from Proposition 8.15, Proposition 8.17, (7.12), and (7.13).

PROOF OF THE ABSENCE OF TRAPPED SURFACES: We first recall the notions of apparent horizon

A= {(,9) € Omax : A(#,0) = 0},
outermost apparent horizon
A" = {(11,0) € Omax : AM(@,9) = 0 and (@', ) > 0 for every @’ < @}

and the set!! )
R = {(,0) € Qmax : A(@,0) > 0}.

We observe from (2.19) and (2.20) that if (4,9) € R U A, then we have the monotonicities
By (@, ) <0 and Byow(ii, d) > 0, (8.40)

PROOF THAT A’ C H*: Let (g, 99) € A".12 By the monotonicities (8.40) and the outermost property of
(g, Vo), it follows that M > w(ig, o) and M > r(tg, V). We also have 1—pu(tg, 09) = 0, which can be solved
for r(ig, ) = w(to, o) £ \/w(do,ﬁo)Q — M?, which implies that @ (g, 09) > M. Hence, w(ig,dy) = M
and (g, 09) = M. Since v < 0 on Omax (recall Lemma 3.2), this in turn implies that (g,99) € HT and
that {dy+} X [0p,00) C A’. By Raychaudhuri’s equation (2.15), it follows that 9,¢ vanishes identically on
{lig+} X [0, 00). Since ¢ decays along HT by (3.20), ¢ itself vanishes on {d+} X [0, 00).

PROOF THAT X > 0 BEHIND H™T: Suppose (g, ) < 0. By the argument in the previous paragraph,
(Gig+,00) € A" and it holds that r(ty+,00) = w(ly+,00) = M. Therefore, by (2.17), ,A(ty+, D) = O.
Because 9, w(tliy+,09) = 0, we may compute

2e2k12

7(UH+ s f)o) > 0.

D2 Nty +, D) = —

If 49 > tgy+, it follows from Taylor’s theorem that there exists a @, € (Ggy+, o] such that (., 0g)
and A > 0 on [ty+, %] X {0p}. We may then argue again using monotonicity that M > w(i., %) and
M > r(fix, ). The argument in the previous paragraph now implies that w (., ) = r(ls, 0g) = M, w
contradicts the assumption that Gy > Ggy+.

This completes the proof of Theorem 1. [

HSometimes called the “regular region.”
12This hypothesis could be empty. In this case, the hypothesis of part 5. of the theorem is itself empty.
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9 Fine properties of the scalar field on and near the event horizon

In this section, we use the decay estimates for the geometry and the scalar field derived in the previous
section to further analyze the behavior of the scalar field on and near the event horizon H™ of the solutions
given by Theorem 1. In Section 9.1, we investigate the Aretakis instability on the dynamical geometry, which
proves Theorem 2. In particular, we prove that each of the solutions given by Theorem 1 has an “asymptotic
Aretakis charge” Hy[¢], which while not actually constant, is “almost” constant in a quantitative sense. In
Section 9.2, we derive sharp pointwise asymptotics for ¥ near H*. Finally, in Section 9.3, we show that if
the final Aretakis charge Hy[¢] is “quantitatively nonvanishing,” then no nondegenerate integrated energy
decay statement is true near HT, which proves the sharpness of the horizon hierarchy proved in Section 6.
For a discussion of these results, we refer the reader back to Section 1.4.1.

In this section, we will always work with one of the solutions (Qmax,r, QQ, @, e) arising from seed data lying
n Meian. In particular, the conclusions of Theorem 1 hold for this solution.

9.1 Proof of the Aretakis instability, Theorem 2

Recall the gauge-invariant vector field
Y =v719,,

which equals 9, in standard ingoing Eddington—Finkelstein coordinates (v, r) in Reissner—Nordstrém. For a
general spherically symmetric spacetime, we derive at once the commutation formula

auavry
v

which will be useful in deriving equations for 8,(Y ) and 9, (Y %), where, as in Section 6, 1) = r¢.

[avvy] =

Lemma 9.1. Let (Q,r,Q2, ¢,e) be a solution of the spherically symmetric Einstein-Mazwell-scalar field
system. Then

O (YY) + (2r30)Y¢) = 2K3¢ . (9.1)
Proof. Using the commutation formula and (2.16), we compute
0,0, 0,0,
av(quj) = [51;75/]1/1 + Y(aquj) = 775/1/} + T¢
By (2.12), we conclude (9.1). O

Lemma 9.2. Let (Q,7,Q2 ¢,¢) be a solution of the spherically symmetric Einstein—-Mazwell-scalar field
system. Then
2Ke?

0u(Y2) + (V2 = -2 vy 1 p, (9.2
where
= 26 0+ (1— w)ra(Y9) + 265 (r2(Y9)* — Y ). (9.3)
Proof. We rewrite (9.1) as
2u(v) = 2 (5 — vy
and apply again the commutation formula to obtain
DY) = [0, YY) + YO,(Y)
0.0, O yay {a dudir W)}
_ 2} DOz 1y (8 ) (60— vo)+ 22Ty (6 - vy,
_ afryg IS (887‘)(¢ Vo
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Using (2.17), (2.19), and (2.21), we compute

00y 4 2Ke?
Y ( V T) = 2rws(Y$)? — g + (1 — p)r(Y$)* + ':f .
By grouping terms appropriately, we arrive at (9.2) and (9.3). O

Proof of Theorem 2. We work in one of the spacetimes (Qmax, r, Q2 ¢, e) given by Theorem 1 with the initial
data normalized coordinates (u,9). Recall that the event horizon H* is located at 4 = @+ .
ALMOST-CONSERVATION OF Yt|3+: We use an integrating factor to solve (9.1) on H*:

57

f)z 62 62
Y (digs, 02) = exp (- / 2md@’> Yip(tiggr, 1) + / exp (— / 2/%%0117”) ks i
01 ’01 v

for every 0 < 07 < 09, where every quantity on the right-hand side is evaluated at @ = iy+. By integrating
(8.36) along HT and using (5.23), we find

’DQ ﬁ2
/ |fostl e | dD' < (1 +01) 71, exp </ 2f 3¢ 3+ d@') =1+0(*(1+01)"1M).

D1 01

Using these, (3.20), and (3.15), we estimate

|mwmm—wmmmmﬂHﬂWWwwmmwflmwwsﬂumﬂﬂ<M)

U1

By an elementary Cauchy sequence argument, the limit

Holg] = lim Y4(ty+,0)
V—r 00
exists and the estimate (3.21) holds.
PROOF THAT Sﬁjgb HAS NONEMPTY INTERIOR: Let ¢ be a compactly supported smooth function on C

such that J
@((1001\40 — ) Pin) #0. (9.5)
W=ty 4 o

Let 0 < & < gap and set S} = (e, 100Mo, My, ep), where ¢ > 0 is a constant chosen so that D[S)] < le.

2
In particular, c¢ is independent of . For n > 0 small, we now set
Dn = {ﬂ(So,E) : So S 9)?0,50[80 — S(/)] < n}.

Clearly, O, is open in 9 and we claim that for e and 1 sufficiently small, § # O, N Mgap, C zmgigb.

For n small and Sy € O,,, Theorem 1 applies to £(Sp, ). Let S € Mgian(So, €), let Hy[¢] be the associated
asymptotic Aretakis charge. By (8.24) and (9.5), there exists a constant ¢’ > 0 such that

V(i 0)] Z e —cnt/? 2 e

for ¢ and 7 sufficiently small. By (9.4), Hy[¢] differs from Y1) (g +,0) by an O(e?) quantity, and is therefore
nonzero for ¢ sufficiently small. As this applies for every Sy € O,,, we have proved that (0 # O, N Mgtar, C

szgb, which shows that sm;igb has nonempty interior in the subspace topology.

LINEAR GROWTH OF Y 2t|;5+: We use an integrating factor to solve (9.2) on H*:

) . N B D) R , R ) B Do . > _2!%62 N
Y (tig+,0) = exp 4fsedt’ | Y(lgy+,0) + exp 4R db T YUY+ B di
0 0 o r

The first term is O(e) by our assumption on the initial data and by (8.35), (8.36), (3.20), and (3.15), we
have

| Blpge | S er 14072,

68



Note that the worst decaying term in E (by far) comes from the zeroth order term, for which we only have
the nonintegrable decay estimate (3.20). Using again the geometric estimates on the horizon and (9.4), we
have

b 2ke? . v(®) 9pe2 2 . )
/ o Y di' :/ o Y dv' = WHg[(é]v—&—O(ag(l +v)5).
0 0

Putting these estimates together, we have

2
’Y%p(aw,@) + WHO[qb]ﬁ Se(149)22 +3(1 4+ 9)°,

which implies (3.23).
BEHAVIOR OF THE RICCI TENSOR ALONG H™: By trace-reversing the Einstein equation, we find

Ry = 2T, + 20,¢0,¢

and using (2.3) we compute
022 2

e e
TEM — y= (di ® db + do @ di) + 273952

Therefore,
RL,YMY" =2(Y¢)? = 2r 2(Y))? — dr 39 Yop + 2r 42,

from which (3.22) follows readily.
Next, we compute
VR =2V,T2" + 2V ,V .6V, ¢ + 2V ,,6V,V,¢.

5%
Using again the form of T*M, we have VPT#EJVIY”Y“Y” = 0. Since
I%, = dalog O = dylog(—4kp) = R 0uk 4+ D100,
it holds that

V, Vg YPYH =07200¢ — 0% (R 0ak + 071 0aD) 0adp
D20a(0Y ¢) — 0 (ro(Y 9)? + 071 0a0) Y
Y29 —r(Y¢)®

and hence
V,R,YPYHYY = 4Y ¢Y?¢p — dr(Y )4,

from which (3.24) follows readily. O

9.2 Sharp decay for the scalar field near the horizon

In this section, we work in the eschatological gauge (uoo,v) on the domain D., with the final anchored
extremal Reissner—Nordstrom solution 7.,. Given a number Cs > 0, we introduce the following additional
smallness assumption on the initial data:

sup | Y2y < Cae. (9.6)

in

This will be used to perform a Taylor expansion of Y1 near the event horizon on Cj,.
We require the following lemma (see also (2.25)).

Lemma 9.3. On Do N {7oo < $A}, it holds that



Proof. We have the identity

T AP M? +M2
Pt = D) T - M - M

Tx

Foo — M
+ 2M log (;"_M) + Too — T (9.8)

on D, where 7, was defined in (8.15) and D(r) = (1—M/r)%. Indeed, this is trivially true at the bifurcation
sphere (uqo,v) = (0,0) by definition of 7, and holds everywhere because the 9,,__ and 9, derivatives of v —u
and the integral are equal. Writing (9.8) as

Uso — UV = E A 2M log(Too — M) + O(1), (9.9)

we infer (9.7) by inspection. O
Let us consider the curve

08 = {(Uoo, V) € Do :uoo—v:ugo—i—Cg}, (9.10)

where the constant Cj is chosen so that o3 C {Foo < %A} We also define the spacetime region
t5 = {(Uoos V) € Do : v < s — ul, — Cgl. (9.11)
Using (9.7), we observe that in the region tga,
Foo = M S (1+us) ™ S (1 +0v)7P. (9.12)
With these definitions, we have the following result:
Proposition 9.4. Under the assumption (9.6), for every 8 € (%, 1), there exists a 8’ > 0 such that
U2, Dyt + M2 Ho[d]] S % + euzl (9.13)
in tg, where Hylg] is the asymptotic Aretakis charge of the wave.
We first verify the proposition along Cj,.
Lemma 9.5. Letn > 0. Under the assumption (9.6), it holds that
[u2,0u (uso, 0) + M?Ho[g]| < €% + eus T (9.14)
for all use > 0.
Proof. Using the chain rule and (8.30), we estimate
9a((Foo — M) 0 (11, 0)) = Voo (Poo (4, 0)) g ® (@i, 0) ~ Voo (Poo (i, 0)) g ® (@, 0) = (a1, 0) = —1.
Therefore, integrating backwards from 4+, we find that
(Foo = M) 0 @ (4, 0) ~ G+ — U
for 4 € [0, tiy+]. By Taylor’s theorem, the estimate (9.4), and the assumption (9.6), we have that
Y(a,0) = Ho[¢] + O(e(Foo — M)) + O(£?)

for @ € [0, 4y+]. Of course, Hy[p] = O(e) as well.
By (9.9), the identity Vs, = —732(Foo — M)?, and the Taylor expansion 72 = M~2 + O(7s — M), we
have
Ul Voo = —M? 4+ O((Foo — M)[1 + log (7o — M)])

at v = 0, and we may therefore compute
W2 Bt = WP vac Yt = U2 s (14 O(2)) Y = —M?Ho[§] + O(e(7ms — M)[1 + log(ae — M)]) + O(%)

at v = 0. Using the estimate xlogx < 2177, we arrive at (9.14). O
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Proof of Proposition 9.4. Integrating the wave equation (2.18) along the segment {us} x [0,v] C tg, we have

Y QKoo Voo

U2 0y Y (Uoo, v) = U2 0y Y(Uso, 0) + ugo/ W dv'.

0 T

By (5.7), (5.41), (5.32), and (8.33), (8.30), (8.36), the second term on the right-hand side satisfies
Ugo /” QKOOZ/OO%de,
0 T

<uzf / P (R — MY d’ + / 202 (14 0) 2 (Foy — M| du. (9.15)
0 0

v v
Sude [ o= Ml i [ (1) = MYl
0 0

For the first term of the last expression we note that by (3.20) and (9.12), we have
usl / W2 (Fog — M| dv' S cusl / (14 o) TIHO/27904248 gy <y =F
0 0

as —14+6/2—-38+2+ 3 < —1for € (2/3,1) and 5’ > 0 sufficiently small.
To handle the second term on the right-hand side of (9.15), we break the region tz into two pieces. We
split tg along the curve

pg = {(too,v) € Doo 1 0 = Suse — Ch},
where C;j is chosen so that pgNoz = 0. Denote the region between pg and H* by té and the region between
ps and o by t3, so that t3 = t5 U 3. In tj, it holds that 7o, — M < (1 + tee) ™", Which implies that

/ ful (L +0) 72 (Foe — M)* |91 dv' S €2
0
On the other hand, in 2, it holds that (1 +v)™1 < (1 + us) ™!, so using (9.12) we estimate
v v
/ Ul (1 + 1) (o = MPP[0[1 dv' S Sl / (1 0) 2y S fu
0 0

where k is chosen so that —2 + k428 > ' and -3+ k+30/2 < —1.
By applying Lemma 9.5 with 1 chosen such that —1 +n < 3/, we conclude (9.13). O

We now use the previous proposition to obtain improved decay for v in tg.
Proposition 9.6. Under the assumptions of Proposition 9.4 and 5 € (%7 1—48—2p"), it holds that
|9 (Uoo, v) + M?Ho[¢] (0" —u )| S %o —u)|+e(1+ v) 1 (9.16)
m tg.
Proof. Let ug = ug(v) be defined by (ug,v) € og. Then
[th(ug, v)] = (Foo = M) 72 (5, 0)|(Foo — M) 29| (ug,v) S e(140) =2/ 2H/2H02 o1 4 0)7 77 (9.17)
by (3.20), the fact that (foo — M)~! ~ 1 + v along 0p, and the assumption on 3. Using (9.13), we find for

(Uoo, V) € tg,

P (Uos, v) — P(ug, v) = / - ut duly = —M2Ho[9)(ug" —uzl) + O(e3 (uz' —uzl) +e(uy '™ —uzl=?)).
up

Now we note that

uyl — gl = (3! —v ) + (07— usd) = (07! — ug) + O )
and ug +1 ~ v + 1, and (9.16) readily follows. O
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9.3 Sharpness of the horizon hierarchy

We will show that the range of p in the horizon hierarchy of Section 6.3 is sharp, resulting in failure of
boundedness of the integrated non-degenerate energy near the horizon.

Proposition 9.7. For any n > 0 and Cy > 0 there exists a constant 0 < e,,0, < Estab Such that the

following holds. Let So(a) € Mgpar, with 0 < D[Sp] < € < ey,¢,. Suppose also that qb satisfies the second
order smallness condition (9.6) and that the asymptotic Aretakis charge is quantitatively nonvanishing in the
sense that

|Holg]| > &> (9.18)
Then for any R > M, it holds that

2
// M Ao dv = 0. (9.19)
Do N{feu<R} Voo

Remark 9.8. Note that by the Morawetz estimate Proposition 6.4, the integral in (9.19), taken instead over
Doo N{R' < Too < R} where M < R’ < R, is finite.

Proof of Proposition 9.7. We repeat the main calculation for the horizon hierarchy, Lemma 6.18, with p = 3.
Let
Au; = Do N{r < A} N{uoe <yl

where we will let uy — oo and vy will be chosen later.

Integrating the expression
2
// Oy ((F - M)717(8uoj7/)) > dusodv
Aug Voo

by parts and using the wave equation (2.18), we find that

2 2
e R e T
CoNnAu, Voo INA., ~Voo
// <2M + Too) (3%01/1 duoodv _ // 4Hooym —_—— M)il%q/}auww duood’U (920)
Voo Voo

The term along I is § €2 using (6.27) and (6.30). For e sufficiently small using (9.14) with n = 1 — 3’ and
the condition (9.18), we have

(420 (150, 0)) 2 | Ho[)|? — O(e2usf)
Therefore, by (9.7), it holds that

/ (o — )1 Qus ¥ s / (Foo — M)~ (B t))? g 2 / 3, (B )? duce
ComAuf QoﬂAuf

Vo Co O.Auf

Z/ use (|Holg]|” = O(e*usl")) duoe Z |Ho[@]|* log(us) — %, (9.21)
ConA

where we have used that uo_ol_ﬁ/ is integrable.
We now estimate the mixed term on the right-hand side of (9.20). We use the geometric estimate (8.36)
and break up the region of integration using tz to estimate

|// Aolo0 (o M) p b i do 5// 1061|0u ] dtton v
A A,

TVUso
“f
// // — M) 20| [0y | dusedv = T+ TT+ 111 (9.22)
u.f\tﬁ Ay ﬂtﬁ
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By (9.7), we have (foo —M) ™! Su—v < win A,, N{Fo < $A} and by definition of o, (Fes—M) ™' < 1+vin
Au; \ tg. It follows that IT < e?I. Using the bulk terms in the energy estimate Proposition 6.14 with p = 5/2
(after passing to 7; — oo, refer also to the proof of Theorem 1 in Section 8.3.5), we have I < £575(1) < g2.
By Proposition 9.6, we have || < cuz! +ev™! in tg and by Proposition 9.4, we have |u2 0, 1| < € in tg.
Therefore, we estimate

II < // e2u o2 |u2, Dy 1| dusedv
Au,Nth

ug

Set+ et // (usv 0+ u o3 dusedv < e*(1 + log(uy)).  (9.23)
{1<uce <uyrin{v>1}

Combining (9.20), (9.21), (9.22), and (9.23), we find

//A OO0 4o 2 (Hof)> — 1) loglug) — 22 2 [Holg) log(uy) — =

_VOO

for € sufficiently small. Letting uy — co completes the proof. O

Remark 9.9. There is an interesting difference between the proof of Proposition 9.7 and the corresponding
fact in the uncoupled case. In our case, the mixed bulk term on the right-hand side of (9.20) is in general
not bounded as uy — oo, while it is bounded in the uncoupled case. This is because the dynamical redshift
factor s« does not in general exactly cancel out the singular factor of (7o, — M)~1. Though the growth rate is
logarithmic, just as with the first term on the left-hand side of (9.20), it comes with an additional smallness
factor which allows the proof to go through. The cost is that we can only prove Proposition 9.7 under the
“quantitative nonvanishing” assumption (9.18) on the asymptotic Aretakis charge Hp[¢]. In the uncoupled
case, where Hy[¢] is constant, it suffices to assume that Ho[¢] # 0.

On the other hand, in the uncoupled case on a subextremal Reissner—Nordstrom background, the same
bulk term is also infinite. It should be noted though, in the uncoupled subextremal case, that it is infinite
in a way that cancels out the other unbounded term in (9.20) (the first term on the left-hand side). As a
result, in the uncoupled subextremal case, there is no contradiction with the fact that the spacetime integral
(9.19) is finite due to the redshift effect [DR09]. See [AAG17, Section 4.6] for more details.
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